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ń
ıc
h
šk
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tń
ı
st
a
ti
st
ik
u
p
ři
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č
n
o
s
t
a
S
lo
v
e
n
s
k
á
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š́ı
za

n
á
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ře
d
n
á
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zá
ř́ı
2
0
2
4
(n
e-
p
á
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ě
n
ý
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éh
o
d
ěd
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ń
ı
ú
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ěn
o
p
ra
v
te
.
P
ři
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lń
ı
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řá
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čń

ıh
o
v
ý
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é
b
a
n
k
y,

a
.s
.
IB

A
N
:
S
K
3
3
7
5
0
0
0
0
0
0
0
0
4
0
2
1
2
4
4
2
5
6

S
W

IF
T

C
E
K
O
S
K
B
X
.
P
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čn
o
st
’ ,
M
il
et
ič
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ú
če
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ře
d
ev
š́ı
m

–
ú
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(Č
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ascal

Sarda
(U
niversity

of
T
oulouse)

–
Som
e
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error-in-

variables
calibration

m
odel.

•
Jean-M

arc
D
eshoulliers

(U
niversity

of
B
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Č
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Č
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př
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p
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á
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E
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o
n
d
r
e
j
.
v
e
n
c
a
l
e
k
@
u
p
o
l
.
c
z

N
akladatelstvíA
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á
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á
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á
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na

řadě
zajím

avých
a
často

netriviálních
příkladů

vysvětluje,proč
záleží

n
a
tom
,

co
n
evím

e
(tak

zní
p
odtitul

knihy).
P
rávě

zdůraznění
důležitosti

přem
ýšlení

o
tom
,
co
v
datech

není,
činí
knihu

výjim
ečnou.

H
and
nabádá

nejen
všechny

analytiky
k
ostražitosti

a
vede

je
k
p
ochop

ení
rizik,

která
s
seb
ou
tem
ná
data

nesou.
P
oselství

knihy
velm

i
dobře

vystihuje
vtipné

přirovnání
v
sam
otném

zá-
věru

knihy:
V
ypráví

starou
anekdotu

o
opilci,

který
hledá

klíče
p
od
sloup

em
veřejného

osvětlení.
P
roč
zrovna

tam
?
K
up
odivu

nikoliv
proto,

že
by
m
u

spadly
právě

tam
,
ale
proto,

že
jedině

tam
je
dost

světla,
aby
je
uviděl.

H
and

pak
uzavírá:

” V
ýzkum

níci,
analytici

a
vlastně

všichni,
kdo

se
snaží

z
dat

získat
význam

,
jsou

jako
onen

opilec,
om
ezí-li

se
jen
na
data,

která
m
ají
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G
R
A
T
U
L
A
C
E
Z
JA
P
O
N
SK
A

C
O
N
G
R
A
T
U
L
A
T
IO
N
S
F
R
O
M
JA
P
A
N

R
yozo

M
iura

A
dresa

:
P
rofessor

E
m
eritus

H
itotsubashi

U
niversity,

Japan

I
w
ould

like
to
sincerely

congratulate
P
rofessor

Jarom
ir
A
ntoch

on
his
70th

birthday
and

w
ould

also
like
to
thank

him
for
his
friendship,

kindness
and

hospitality
provided

to
m
e
for
years.

In
the
m
iddle

of
1980s,

I
cam
e
to
know

the
nam
e
of
Jarom

ir
A
ntoch

as
a
young

statistician
w
orking

on
the
asym

ptotic
theory

of
statistics

w
hich

I
w
as
also

w
orking

on,
in
a
conversation

w
ith
a
C
zech

probabilist
D
alib
or

V
olny

w
ho
w
as
visiting

O
saka.

T
hen

I
w
rote

a
letter

to
Jarom

ir
to
start

exchanging
our
research

pap
ers.
B
ased

on
these

com
m
unications,

I
brought

up
a
plan

of
visiting

P
rague

in
1988,

but
this
w
as
not
realized

regrettably
for

som
e
reason:

m
y
physical

conditions.
In
1989,

I
m
oved

to
T
okyo

from
O
saka,

from
O
saka

C
ity
U
niversity

to
H
itotsubashi

U
niversity

and
then

I
b
ecam

e
very

busy
on
w
orking

in
a
new

field
of
now

so-called
F
inancial

E
ngineering/M

athem
atics.

T
hus,

I
w
as
quite

absent
from

statistical
m
eetings

and
journals

for
a
long

tim
e.
H
ow
ever,

20
years

later
in
2008,

I
found

the
nam
e
of
J.
A
ntoch

in
the
list
of
m
ain
par-

ticipants
at
the
International

C
onference

for
C
om
putational

Statistics
held

in
Y
okoham

a,
Japan.

A
fter
m
aking

sure
that

this
is
the
statistician

I
had

know
n
during

1980s,
w
e
m
et
each

other
in
Y
okoham

a.
T
here,

Jarom
ir
asked

m
e
if
I
still
w
ant
to
visit

P
rague.

I
said

“O
h,
Y
es!”,

and
m
y
visit

to
C
harles

U
niversity

w
as
realized

the
follow

ing
year.

M
y
interests

in
visiting

P
rague

and
C
zechia

w
ere
tw
o-fold;

academ
ics
and

history/culture.
A
cadem

ic
interest

is
in
R
ank
statistics,

A
sym
ptotic

T
heory

of
Statistics.

I
used

to
read

the
b
ook
T
heory

of
R
ank

T
est
by
H
ajek

and
Sidak,

and
I
knew

P
rague

is
the
center

for
R
ank
statistic.

C
ultural

Interests
is,
as
w
ell
as
M
usic

p
erform

ances,
H
istory/C

ulture
of
C
zechia

esp
ecially

the
Introduction

of
C
hristianity

(by
Saints

C
yril
and
M
ethodius)

during
the
9th

century
and
the
m
ovem

ent
by
Jan
H
us,
P
etr
C
helcicky

and
their

follow
ers,

w
ith
the
related

m
atters.

O
n
m
y
first

visit
to
P
rague

in
N
ovem

b
er
2009,

Jarom
ir
arranged

a
m
eet-

ing
w
ith
P
rofessor

Jana
Jureckova,

it
w
as
m
y
first

tim
e
to
m
eet
her.

D
uring

1980s
she
recognized

m
y
w
ork
on
adaptive

estim
ates

of
location

w
hich

I
pub-

lished
in
a
very

local
journal

of
m
y
departm

ent
of
com
m
erce

(in
E
nglish),
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.
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M
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R
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L
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s
re
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w
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ed
da
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.

B
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m
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,
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N
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P
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G
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t
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ra
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d
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m
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m
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d
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m
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e
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K
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40
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t.
20

[1
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V
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f,
P
.,
T
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vá
,
J.
(2
01
4)
:
O
n
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io
n
of
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ti
m
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st
oc
ha
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m
od
el

fo
r
ac
ce
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ra
te
d
lif
e
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g.
R
el
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bi
li
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E
n
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n
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n
g
&
S
ys
te
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S
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13
1,

29
1–
29
7.
ci
t.
20
,2
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In
fo

rm
ač

ní
bu

lle
tin

Č
es

ké
st

at
ist

ic
ké

sp
ol

eč
no

st
i,

3/
20

23

an
d
sh
e
re
fe
rr
ed
it
in
a
ch
ap
te
r
of
H
an
db
oo
k
fo
r
N
on
pa
ra
m
et
ri
c
St
at
is
ti
cs
.

(I
w
an
te
d
to
m
ee
t
he
r
to
ex
pr
es
s
m
y
gr
at
it
ud
e
fo
r
th
is
m
at
te
r.
)
A
ft
er
th
is

vi
si
t,
I
w
as
fo
rt
un
at
e
to
ha
ve
op
p
or
tu
ni
ti
es
to
gi
ve
a
se
m
in
ar
ta
lk
an
d
th
en

in
20
11
a
se
ri
es
of
le
ct
ur
es
on
m
y
w
or
k
in
th
e
fie
ld
s
of
M
at
he
m
at
ic
al
St
at
is
-

ti
cs
,
M
at
he
m
at
ic
al
F
in
an
ce
an
d
F
in
an
ci
al
E
ng
in
ee
ri
ng
,
an
d
F
in
an
ci
al
D
at
a

A
na
ly
si
s,
at
th
e
de
pa
rt
m
en
t
of
St
at
is
ti
cs
in
C
ha
rl
es
U
ni
ve
rs
it
y.

Ja
ro
m
ir
kn
ew
m
y
cu
lt
ur
al
in
te
re
st
in
th
e
co
un
tr
y
of
C
ze
ch
ia
as
w
el
la
s
m
y

ac
ad
em
ic
on
es
.
H
e
th
us
ar
ra
ng
ed
m
y
vi
si
t
to
L
ib
er
ec
T
ec
hn
ic
al
U
ni
ve
rs
it
y
in

20
11
w
he
re
I
ga
ve
a
fe
w
ge
ne
ra
l
le
ct
ur
es
,
an
d
P
ro
fe
ss
or
L
in
ka
ki
nd
ly
to
ok

m
e
fo
r
an
ex
cu
rs
io
n
to
a
m
ou
nt
ai
n
ar
ea
ca
lle
d
P
ar
ad
is
e.
A
s
fo
r
m
y
hi
st
or
ic
al

In
te
re
st
in
C
he
lc
ic
ky
,
th
er
e
w
as
a
ve
ry
ki
nd
he
lp
an
d
ho
sp
it
al
it
y
of
P
ro
fe
ss
or

Ja
na
K
lic
na
ro
va
at
F
ac
ul
ty
of
E
co
no
m
ic
s
of
So
ut
h
B
oh
em
ia
U
ni
ve
rs
it
y.
I
w
as

in
tr
od
uc
ed
to
he
r
by
P
ro
fe
ss
or
D
al
ib
or
V
ol
ny
on
m
y
fir
st
vi
si
t
w
it
h
hi
m
(a
n

ac
ad
em
ic
vi
si
t)
to
C
es
ke
B
ud
ej
ov
ic
e
in
N
ov
em
b
er
,2
01
2.
T
hi
s
w
as
a
b
eg
in
ni
ng

of
m
y
re
cu
rr
en
t
vi
si
t
to
th
e
un
iv
er
si
ty
.
L
at
er
on
,
I
w
as
gi
ve
n
an
op
p
or
tu
ni
ty

to
gi
ve
le
ct
ur
es
to
un
de
rg
ra
du
at
e
st
ud
en
ts
in
E
ng
lis
h
(m
ay
b
e
un
de
r
E
ra
sm
us

pr
og
ra
m
).
Sh
e
un
de
rs
to
od
m
y
hi
st
or
ic
al
in
te
re
st
s
an
d
ki
nd
ly
gu
id
ed
m
e
to
th
e

C
he
lc
ic
ky
m
us
eu
m
an
d
to
se
ve
ra
lh
is
to
ri
ca
lp
la
ce
s
(i
nc
lu
di
ng
T
ab
or
2)
re
la
te
d

C
he
lc
ic
ky
.
Ja
ro
m
ir
al
so
ar
ra
ng
ed
m
y
vi
si
t
to
M
as
ar
yk
U
ni
ve
rs
it
y
in
B
rn
o
in

N
ov
em
b
er
20
12
w
he
re
I
ga
ve
a
le
ct
ur
e.
P
ro
fe
ss
or
Iv
an
ka
H
or
ov
a
ar
ra
ng
ed
fo
r

m
e
so
m
e
vi
si
t
to
th
e
in
te
re
st
in
g
pl
ac
es
in
B
rn
o,
e.
g.
M
en
de
l
M
us
eu
m
.
R
ig
ht

af
te
r
B
rn
o,
P
ro
fe
ss
or
M
ar
ek
O
m
el
ka
on
hi
s
ho
lid
ay
s
at
hi
s
ho
m
et
ow
n,
he
lp
ed

m
e
ve
ry
m
uc
h
fo
r
m
y
st
ay
an
d
vi
si
t
to
V
el
eh
ra
d
an
d
th
e
C
hu
rc
h
th
er
e
w
he
re

I
co
ul
d
le
ar
n
ab
ou
t
Sa
in
ts
C
yr
il
an
d
M
et
ho
di
us
.
Se
ve
ra
l
ye
ar
s
la
te
r,
Ja
ro
m
ir

in
tr
od
uc
ed
m
e
to
P
ro
fe
ss
or
O
nd
re
j
V
en
ca
le
k
to
m
ak
e
m
y
vi
si
t
to
P
al
ac
ky

U
ni
ve
rs
it
y
in
O
lo
m
ou
c
in
A
pr
il
20
18
.
T
he
n
I
co
ul
d
fo
rt
un
at
el
y
m
ak
e
a
vi
si
t

ag
ai
n
in
th
e
ne
xt
ye
ar
20
19
to
ha
ve
so
m
e
ac
ad
em
ic
ex
ch
an
ge
w
it
h
hi
m
an
d

hi
s
fa
cu
lt
y.
O
nd
re
j
ki
nd
ly
to
ok
m
e
fo
r
a
dr
iv
e
to
V
el
eh
ra
d
an
d
ot
he
r
ne
ar
by

to
w
ns
/c
it
ie
s
in
M
or
av
ia
.

O
ne
da
y
I
di
sc
us
se
d
w
it
h
Ja
ro
m
ir
ab
ou
t
an
ac
ad
em
ic
ex
ch
an
ge
w
it
h

Ja
pa
ne
se
st
at
is
ti
ci
an
s.
L
at
er
th
is
w
as
re
al
iz
ed
in
a
fo
rm
of
th
e
ac
ad
em
ic

ex
ch
an
ge
ag
re
em
en
t
b
et
w
ee
n
D
ep
ar
tm
en
t
of
St
at
is
ti
cs
C
ha
rl
es
U
ni
ve
rs
it
y

P
ra
gu
e
an
d
In
st
it
ut
e
of
St
at
is
ti
ca
l
M
at
he
m
at
ic
s
T
ok
yo
Ja
pa
n.
B
as
ed
on
th
is

ag
re
em
en
t,
a
te
am
of
th
re
e
st
at
is
ti
ci
an
:
P
ro
fe
ss
or
s
M
ar
ek
O
m
el
ka
,
D
an
ie
la

Ja
ru
sk
ov
a,
an
d
Ja
ro
m
ir
A
nt
oc
h
to
ge
th
er
vi
si
te
d
th
e
In
st
it
ut
e
of
st
at
is
ti
ca
l

m
at
he
m
at
ic
s
in
M
ar
ch
,
20
12
.
T
he
n,
P
ro
fe
ss
or
M
ar
ie
H
us
ko
va
vi
si
te
d
th
e
In
-

st
it
ut
e
in
Se
pt
em
b
er
20
13
.J
ar
om
ir
vi
si
te
d
Ja
pa
n
on
an
ot
he
r
oc
ca
si
on
as
w
el
l.

It
w
as
in
N
ov
em
b
er
20
17
.
H
e
w
as
in
vi
te
d
by
P
ro
fe
ss
or
Y
as
um
as
a
M
at
su
da
to

vi
si
t
D
ep
ar
tm
en
t
of
E
co
no
m
ic
s
of
T
oh
ok
u
U
ni
ve
rs
it
y
in
Se
nd
ai
fo
r
a
w
or
k-

sh
op
.
O
n
th
is
oc
ca
si
on
I
to
ok
Ja
ro
m
ir
to
Sa
ku
na
m
i
O
ns
en
ne
ar
Se
nd
ai
ov
er 7
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to
im
prove

its
precision

w
ith
grow

ing
data

size.
T
he
m
ethod

of
K
oul
et
al.,

how
ever,

has
again

dem
onstrated

that
the
large

variability
of
“synthetic”

data
can
cause

an
instability

of
trend

estim
ation.

5.
C
oncluding

rem
arks

W
e
have

recalled
three

“historical”
m
ethods

analyzing
the
L
R
M
w
ith
cen-

sored
data,

com
pared

them
m
utually,

w
ith
a
direct

(num
erical)

solution
via

the
M
L
E
under

assum
ption

ofnorm
ally
distributed

errors,and
also
w
ith
a
so-

lution
in
the
fram

ew
ork
of
the
sem
i-param

etric
A
F
T
regression

m
odel.

T
he

results
seem

to
supp

ort
a
conjecture

that
the
B
J
estim

ator
is
the
m
ost
reli-

able
from

the
three

traditional
approaches.

V
ery
good

results
w
ere
achieved

by
the
last
tw
o
m
ethods.

It
could

b
e
said

that
they

represent
contem

p
orary

approaches
to
the
problem

of
linear

regression
w
ith
censored

data.
A
vari-

ant
m
ethods

are
now
adays

based
on
the
B
ayes

approach
and
the
use
of
the

M
arkov

chain
M
onte

C
arlo
(M
C
M
C
)
procedures

(as
for
exam

ple
in
V
olf
and

T
im
ková,

2014).
L
et
us
here

also
m
ention

a
connection

of
the
L
R
problem

w
ith
the
C
ox

m
odel,

at
least

w
ith
its
sp
ecial

case.
L
et
us
assum

e
that

the
baseline

dis-
tribution

is
the
W
eibull

one,
w
ith
the
distribution

function
F
0 (t)

=
1
−

exp{−
(t/a

)
b}
defined

for
t
>

0
and

w
ith
p
ositive

param
eters,

scale
a
and

shap
e
b.F
urther,let

the
dep
endence

on
a
covariate

x
follow

s
the
C
ox
(prop

or-
tional

hazard)
regression

m
odel,

let
us
denote

the
C
ox
regression

param
eter

by
γ
.
T
hen
the
cum
ulative

hazard
rate

equals:

H
(t|X

=
x
)
=

H
0 (t)·exp

(γ
x
)
=

(t/a
)
b·exp

(γ
x
)
= (

t

a
(x
) )

b

,
(12

)

w
here

a
(x
)
=

a
·exp{−

γ
x
/b}.

T
hus,

the
scale

param
eter

a
(x
)
dep
ends

on
covariate,

w
hile
the
shap

e
param

eter
rem
ains

b.
Sim
ultaneously,

H
(t|X

=
x
)

can
b
e
rew
ritten

as

H
(t|X

=
x
)
= (

t·exp
(γ
/b·x

)

a

)
b

=
H

0 (t·exp
(β

x
)),

(13
)

w
hich

corresp
onds

to
the
A
F
T
m
odel

w
ith
regression

param
eter

β
=

γ
/b.

H
ence,

if
in
the
case

of
W
eibull

baseline
distribution

the
estim

ation
uses

the
C
ox
m
odel

fram
ew
ork,

w
e
then

obtain
the
estim

ate
of

γ
=

β
·
b
instead

of
β
,
w
hile
the
estim

ates
of

H
0 (t)
in
b
oth
C
ox
and
A
F
T
m
odels

should
b
e

close
one
to
each

other
(b
ecause

b
oth
are
consistent,

b
oth
should

tend
to
the

W
eibull(a

,b)
cum
ulative

hazard
rate).
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ace

the
w
eekend

to
exp
erience

a
Japanese

op
en
door

hot
spring

(Iw
a-buro):a

rock
bath

w
ith
a
pretty

river-side
view
.
A
lso,
w
e
discussed

on
the
developm

ent
of

rank
statistics

for
linear

regression
m
odels

and
I
m
ade
m
any
questions

ab
out

the
theoretical

assum
ptions

set
for
deriving

prop
erties

of
the
tests

and
esti-

m
ators,

esp
ecially

ab
out
the
assum

ptions
set
for
the
indep

endent
variables

(explaining
variables).

H
e
explained

m
e
the
m
ost
recent

form
of
the
theo-

retical
assum

ptions.
A
sum
m
ary
of
this

w
ill
b
e
com
ing
up
as
a
pap
er
for

publication.
Since

2009,I
visited

C
zech

every
year

(except
in
2013)

until2019.In
2020,

a
m
eeting

of
“R
obust

Statistics”
w
as
planned

to
hold

in
B
ardejov,

Slovakia
w
here

I
w
anted

to
join.

B
ut
b
ecause

of
the
C
ovid-19

P
andem

ic
this
m
eeting

w
as
cancelled

for
the
year.

F
or
m
e,
every

visit
to
C
zechia

starts
from

arriving
at
the
airp
ort
in
P
rague:

V
aclav

H
avel

A
irp
ort,
then

stay
for
a
few
days

at
least

to
visit

the
departm

ent
of
statistics

to
m
eet
Jarom

ir.
E
very

tim
e
I
vis-

ited
his
offi
ce,it

w
as
m
y
opp
ortunity

for
gaining

m
y
know

ledge
to
recover

m
y

absence
from

the
field

of
theory

of
statistics

for
20
years.

I
questioned

him
on

recent
developm

ents
on
theory

of
R
ank
T
est
and
E
stim
ation,

then
he
kindly

guided
m
e
to
the
related

pap
ers
and
the
related

chapters
of
b
ooks.

A
longside

to
academ

ics,
Jarom

ir
guided

m
e
to
m
any
places

to
attract

m
y
cultural/his-

torical
interests

such
as
R
udolfinum

,
V
ysehrad,

Strahov
M
onastery/L

ibrary,
Japan

G
arden,

etc.
A
nd
he
also

took
m
e
even

for
a
long

drive
to
visit

m
on-

um
ental

places
outside

of
P
rague

area.
M
ost
recent

and
m
em
orable

one
is

M
itsuko

exhibition
at
H
orsovsky

T
yn.

Y
es,
I
ow
e
him
a
lot
and
had
a
good

tim
e
w
ith
him
.
I
w
ould

like
to
thank

him
again

and
w
ish
him

good
health

and
his
continued

success
in
research

and
teaching.

R
yozo

M
iura,

Septem
b
er
2023
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et
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of
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of

β
w
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w
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,
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e
in
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e
6t
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19
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et
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T
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fo
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pa
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.
It
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m
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n
of
20
0
es
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.

M
et
ho
d

N
=

10
0
:
95
%
“P
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M
ea
n

N
=

50
0
:
95
%
“P
I”

M
ea
n

M
ill
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9
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02
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0.
98
19
)

−
1
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01
6

T
ab
le
1:
R
es
ul
ts
of
es
ti
m
at
io
n
of
re
gr
es
si
on
pa
ra
m
et
er

β
,
20
0
re
p
et
it
io
ns
,

fr
om
da
ta
of
si
ze

N
=

10
0
an
d
N

=
5
00
.

T
he
ri
gh
t
pa
rt
of
T
ab
le
1
sh
ow
s
th
e
re
su
lt
s
of
es
ti
m
at
io
n
fr
om
la
rg
er

da
ta
-s
et
s,
w
it
h
N

=
50
0
,
ea
ch
ex
p
er
im
en
t
w
as
ag
ai
n
re
p
ea
te
d
20
0
ti
m
es
.
It
is

se
en
th
at
th
e
pa
ra
m
et
ri
c
M
L
E
m
et
ho
d
an
d
th
e
es
ti
m
at
io
n
in
th
e
fr
am
ew
or
k

of
se
m
i-
pa
ra
m
et
ri
c
A
F
T
m
od
el
ha
ve
pr
ov
id
ed
th
e
m
os
t
re
lia
bl
e
es
ti
m
at
es

of
th
e
re
gr
es
si
on
pa
ra
m
et
er
.
T
he
p
er
fo
rm
an
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of
th
e
B
uc
kl
ey
an
d
Ja
m
es

m
et
ho
d
w
as
ju
st
sl
ig
ht
ly
w
ea
ke
r,
w
hi
le
th
e
m
et
ho
d
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M
ill
er
se
em
ed
to
b
e

bi
as
ed
sy
st
em
at
ic
al
ly
.
Si
m
ul
ta
ne
ou
sl
y,
al
l
m
et
ho
ds
ha
ve
sh
ow
n
a
te
nd
en
cy

24

In
fo

rm
ač

ní
bu

lle
tin

Č
es

ké
st

at
ist

ic
ké

sp
ol

eč
no

st
i,

3/
20

23

P
Ř
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b
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b
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p
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b
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b
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b
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l
b
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u
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b
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ra
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is
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D
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d
m
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n
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Prof. R
N

D
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ír A
ntoch, C

Sc.
K

atedra pravděpodobnosti a m
atem

atické statistiky 
M

FF U
K

Sokolovská 49/53 
Praha

V
ážený pán profesor,

dovoľte m
i, aby som

 V
ám

 za seba, za M
atem

atický ústav SA
V

, v.v.i., za celú slovenskú
m

atem
atickú obec, špeciálne za bratislavských aj m

im
o bratislavských štatistikov, zaprial veľa

spokojnosti, profesionálnych
 a

 osobných
 úspechov

 pri príležitosti V
ášho

 význačného
životného jubilea. 
Ste jednou

 z najvýznam
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 českých
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 m
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 štatistickou
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 a post-doktorandov

 štatistiky, ale aj vedeckých
 pracovníkov

 a
pracovníkov

 pôsobiacich
 pri riešení aplikačných

 štatistických
 problém

ov
 v praxi a pri

vyučovaní štatistiky. Toto všetko ste dokázali predovšetkým
 tým

, že ste dlhodobo dušou
pravidelných konferencií R

O
B

U
ST. V

 rám
ci týchto konferencií existuje výborná m

ožnosť
neustáleho

 kontaktu
 slovenských

 štatistikov
 s ich

 českým
i kolegam

i, m
ožnosť nadviazať

odbornú spoluprácu, realizovať konzultácie. Patrí V
ám

 za to, vážený pán profesor, veľká
vď

aka.

Želám
e V

ám
, vážený pán profesor, veľa pevného zdravia a ešte veľa tvorčích úspechov

a spokojnosti v rodinnom
 kruhu.

  
A

d m
ultos annos !

                                                                                                doc. R
N

D
r. K

arol N
em

oga, C
Sc.

                                                                                                      riaditeľ M
Ú

 SA
V

, v.v.i. 
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1

1
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1
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−

0
.50

0
.51

1
.52

2
.5

X

Y
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e
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e
B
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oc
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r
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d
it
er
at
io
n.
R
ec
on
st
ru
ct
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te
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at
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n
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s:

1.
M
il
le
r’
s
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m
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de
d
a
=

1
.9
04

,
b
=

−
0
.9
3
6
,
s r

=
0
.1
65
.

2.
B
uc
kl
ey
an
d
Ja
m
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m
et
ho
d:
F
ig
ur
e
2
pr
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ts
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e
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d
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at
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ed
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e.
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e
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e
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an
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n
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at
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=
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=
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.
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.
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at
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at
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at
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=
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Inform
ačníbulletin

Č
eské

statistické
společnosti,3/2023

4.1.
E
xam
ple
1

F
irst,

just
one
set
of
data

w
as
generated,

m
odel

param
eters

w
ere
estim

ated
from

them
w
ith
the
aid
of
all
m
ethods

describ
ed
ab
ove.

F
igure

1
show

s
the

data
b
efore

and
after

censoring.
F
rom

the
non-censored

data,
estim

ates
w
ere

a
=

2
.0282

(1
.991

1,2.0653
),

b
=

−
1.02

69
(−

1.0596,−
0.99

42),
w
ith
95%

confidence
intervals

in
parenthe-

ses,
standard

deviation
of
residuals

w
as
estim

ated
as

s
r
=

0
.097

8.
O
ptim

al
line
is
displayed

in
F
igure

1,
left
side.

F
or
com
parison,

param
eters

w
ere
esti-

m
ated

also
from

censored
data,

not
taking

censoring
into

account,
in
order

to
show

the
bias

of
such

a
‘naive’

approach.
T
he
follow

ing
estim

ates
w
ere

obtained:
a
=

1
.61

72,
b
=

−
0.78

68,
s
r
=

0
.35

68,
corresp

onding
line
is
show

n
in
the
right

part
of
F
igure

1.
T
hese

values
w
ere
later

used
as
initial

estim
ates

in
the
B
J
procedure.

0
0

.5
1

1
.5

2
−

0
.5 0

0
.5 1

1
.5 2

2
.5

X
Y(X), no censoring

0
0

.5
1

1
.5

2
−

0
.5 0

0
.5 1

1
.5 2

2
.5

X

Y
*
(X),"o"−censored

F
igure

1:
V
alues

of
Y
b
efore

censoring
(left)

and
after,

censored
values

of
Y

∗

are
denoted

by
‘o’
(right).
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V
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a
odborné

články

How
to

configure
your

Antoch
(continued)

»
\usepackage[RedWineLover=On]{Antoch}

»
\Antoch

»
\usepackage[WhiteWineLover=On]{Antoch}

»
\Antoch

H
e
y

d
u
d
e
!

D
o
n
’t

m
a
k
e

it
b
a
d
!

T
u
r
n

o
n

t
h
e

r
e
d

o
p
t
io

n
!

»
\usepackage[WhiteWineLover=On,

Russian=On]{Antoch}
»

\Antoch

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w

ith
J.A

.
8

/
30

How
to

configure
your

Antoch
(continued)

»
\usepackage[AsymptoticsAllowed=Off]{Antoch}

»
\AntochProvingTheorem

»
\usepackage[AsymptoticsAllowed=On]{Antoch}

»
\AntochProvingTheorem

→
∞

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w

ith
J.A

.
9

/
30

M
y

firstm
eeting

with
statisticalthinking

D
urability

of
dairy

products
(cheese,yoghurt,ice-cream

,...)
A

m
odelforbiologicalgrowth

process
ofpathogens

(bacteria,fungi)
in

dairy
products

tim
e

con
cen

tration
o
f
p
ath

og
en

s
or

th
eir

m
etab

olites

critica
l
lev

el

sa
fe

p
h
ase

Task:construct
a

m
odelforthe

length
ofthe

initialphase
as

a
function

of:
citric

acid,propionic
acid,concentration

ofsalts,wateractivity,
tem

perature,pH
,presence

of“good”
bacteria...

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w

ith
J.A

.
19

/
30

Then
we

did
a

lotofthings

M
y

very
first

paper—
a

tiny
contribution

to
changepoint

Binary
segm

entation
and

Bonferroni-type
bounds

M
ax-type

statistics:bounds
are

often
derived

in
term

s
ofBonferroni

bounds

Pr [
n⋃i=

1 A
i ]

6
n

∑i=
1 Pr[A

i ]

O
ne

can
get

tighterlowerand
upperbounds

by
adding

second-order
term

s

Pr [
n⋃i=

1 A
i ]

>
n

∑i=
1 Pr[A

i ]− ∑k
<
`

P
r[A

k
∩

A
` ]

Pr [
n⋃i=

1 A
i ]

6
n

∑i=
1 Pr[A

i ]− ∑k
P
r[A

k
∩

A
k
+

1 ]

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w

ith
J.A

.
20

/
30

W
hatwe

have
been

interested
then...

Interval-valued
data

Say
that

a
distribution

D
θ

sam
ples

triplets
(x

i ,xi ,x
i )

such
that

x
i
6

xi
6

x
i

a.s.

W
e

can
observe

only
(x

i ,x
i )

but
not

xi itself[i.e.,estim
ators

and
statistics

are
only

allowed
to

be
functions

of
(x

i ,x
i )]

W
e

want
to

learn
the

“latent”
distribution

ofxi (orsom
e

characteristics
theoreof)

The
crucialquestion

is
whetherwe

can
m

ake
som

e
assum

ptions
about

the
relation

ofxi w.r.t.
(x

i ,x
i )

—
usually

are
not

testable
Even

sim
ple

cases,such
as

one-dim
ensionaldata,are

“diffi
cult”

O
ften

one
gets

only
partial-identification

results
(e.g.zonotope

estim
atorsin

linearregression
with

interval-valued
dependentvariable)

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w

ith
J.A

.
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/
30

W
hatwe

have
been

interested
in

then...
Interval-valued

data
(continued)

M
.Č.,M

.H
.and

:O
n

the
possibilistic

approach
to

linear
regression

m
odels

involving
uncertain,indeterm

inate
orintervaldata

(Inform
Sci)

M
.Č.and

M
.H

.:The
com

plexity
ofcom

putation
and

approxim
ation

of
the

t-ratio
overone-dim

ensionalintervaldata
(Com

p
StatD

ata
Anal)

,M
.Brzezina,R.M

iele:A
note

on
variability

ofintervaldata
(Com

p
Stat)

M
.Č.,M

.Rada
and

O
.Sokol:The

N
P-hard

problem
ofcom

puting
the

m
axim

alsam
ple

variance
overintervaldata

is
solvable

in
alm

ostlinear
tim

e
with

high
probability

(to
appearin

Com
putationalCom

plexity)
R

em
ark.Forthe

lovers
ofasym

ptotics:ifn
is

large
enough,then,w

ith
a

very
high

probability,ourm
ethod

is
extrem

ely
fast

—
alm

ost
a

lineartim
e

algorithm
.(H

owever,
the

asym
ptotics

works
forn

>
10

10 10 271...)

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w
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J.A

.
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W
hatwe

have
been

interested
in

then...
C

om
putationaland

com
plexity-theoretic

properties
of

statistical
problem

s
and

algorithm
s

Rank-estim
ators

in
robust

linearregression
A

new
algorithm

form
inim

ization
ofJaeckel’s

dispersion

M
.Č.,M

.Rada,
and

M
.H

ladík:A
classofoptim

ization
problem

s
m

otivated
by

rank
estim

ators
in

robust
regression

(O
ptim

ization)
R

em
ark:Jaeckel’s

dispersion
is

a
nonsm

ooth
function

J.D
.K

loke
and

J.W
.M

cK
ean:Rfit:Rank-based

Estim
ation

forLinear
M

odels
(The

R
Journal)

Rfit
uses

package
optim

with
option

BFGS
to

m
inim

ize
the

dispersion
function.W

e
investigated

otherm
inim

ization
m

ethods
(e.g.,

N
elder-M

ead
orCG),howeverthe

quasi-N
ewton

m
ethod

works
wellin

term
s

ofspeed
and

convergence.
The

docum
entation

ofthe
optim

package:BFGS
is

a
quasi-N

ewton
m

ethod
(...).It

uses
function

values
and

gradients
to

build
up

a
‘picture’ofthe

surface
to

be
optim

ized.
M

.Černý,M
.H

ladík
(Prague,CZ)

O
ur

life
and

w
ork

w
ith

J.A
.

23
/

30

An
unforgettable

experience...

M
.Černý,M

.H
ladík

(Prague,CZ)
O

ur
life

and
w

ork
w
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J.A

.
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/
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V
ěd

ec
ké

a
od

bo
rn

é
čl

án
ky

ap
pr
oa
ch
ba
se
d
on
ha
za
rd
ra
te
s
co
ul
d
b
e
pr
ef
er
re
d.
N
am
el
y,
le
t
{T

∗ i
,x

i,
δ i
,

i
=

1
,.
.,
N
}
b
e
ob
se
rv
ed
ti
m
es
of
fa
ilu
re
s
or
ce
ns
or
in
g
of

N
ob
je
ct
s,
th
ei
r

co
va
ri
at
es
,
in
di
ca
to
rs
of
ce
ns
or
in
g,
re
sp
ec
ti
ve
ly
.
T
he
n
th
e
lik
el
ih
oo
d
eq
ua
ls

(c
om
pa
re
it
w
it
h
(9
))
:

L
=

N ∏ i=
1

h
i(
T

∗ i
)δ

i
·e

xp

( −
∫ T∗ i

0

h
i(
t)

dt

) ,
(1
0
)

w
he
re

h
i(
t)

=
h
0
(t

·e
xp

(β
x
i)
)
·e

xp
(β

x
i)
is
th
e
ha
za
rd
ra
te
of

i-
th
ob
je
ct

at
ti
m
e
t,

h
0
is
th
e
ba
se
lin
e
ha
za
rd
ra
te
of

T
0
.
T
he
or
y
of
es
ti
m
at
io
n
an
d

as
ym
pt
ot
ic
pr
op
er
ti
es
ar
e
de
ri
ve
d
in
L
in
et
al
.
(1
99
8)
an
d
fu
rt
he
r
de
ve
lo
p
ed

al
so
in
B
ag
do
na
vi
či
us
an
d
N
ik
ul
in
(2
00
2,
C
h.
6)
.
A
B
ay
es
ap
pr
oa
ch
off
er
s

a
re
as
on
ab
le
al
te
rn
at
iv
e,
to
o
(s
ee
V
ol
f
an
d
T
im
ko
vá
,
20
14
).

L
in
et
al
.
(1
99
8)
ha
ve
sh
ow
n
th
at
in
st
ea
d
of
th
e
ex
ac
t
(a
nd
ra
th
er
co
m
pl
i-

ca
te
d)
sc
or
e
fu
nc
ti
on
fo
r
β
(i
.e
.o
bt
ai
ne
d
by
th
e
de
ri
va
ti
on
of
th
e
lo
g-
lik
el
ih
oo
d

w
.r
.t
o
β
),
it
is
p
os
si
bl
e
to
us
e
ap
pr
ox
im
at
e
sc
or
e
fu
nc
ti
on
s.
N
am
el
y,
th
e
sc
or
e

fu
nc
ti
on
ha
s
th
e
fo
rm

U
(β

)
=

N ∑ i=
1

〈 x
iW

i(
s)

−
∑ j

x
j
W

j
(s
)I

∗ j
(T

0
i)

∑ k
I
∗ k
(T

0
i)

〉 δ i
,

(1
1
)

w
he
re

I
∗ k
(t
)
ar
e
in
di
ca
to
rs
of
ri
sk
in
th
e
sc
al
e
of

T
0
i
=

T
i
·e

xp
(β

x
i)
,
he
nc
e

th
e
un
kn
ow
n
pa
ra
m
et
er

β
is
hi
dd
en
in
th
em
.
W
hi
le
ex
ac
t
w
ei
gh
ts

W
i(
s)

de
p
en
d
on

h
0
(s
)
an
d
al
so
on
it
s
fir
st
de
ri
va
ti
ve
,
th
ey
m
ay
b
e
su
bs
ti
tu
te
d
by

a
se
t
of
si
m
pl
er
fu
nc
ti
on
s,
am
on
g
th
em
al
so
by

W
i(
t)

=
1
fo
r
al
l
i
an
d
t.

L
in
et
al
.
(1
99
8)
ha
ve
pr
ov
ed
th
at
co
rr
es
p
on
di
ng
es
ti
m
at
or
of

β
re
ta
in
s
go
od

as
ym
pt
ot
ic
pr
op
er
ti
es
.
H
en
ce
,
fr
om
su
ch
a
sc
or
e
fu
nc
ti
on
it
is
p
os
si
bl
e
to

es
ti
m
at
e
β
w
it
ho
ut
kn
ow
le
dg
e
of

h
0
(t
),
si
m
ila
rl
y
lik
e
w
it
h
th
e
ai
d
of
th
e

pa
rt
ia
l
lik
el
ih
oo
d
in
th
e
C
ox
m
od
el
ca
se
.
M
or
e
de
ta
ils
ca
n
b
e
fo
un
d
al
so
in

N
ov
ák
(2
01
3)
,w
ho
ha
s
pr
op
os
ed
a
m
et
ho
d
of
go
od
ne
ss
-o
f-
fit
te
st
ba
se
d
on
th
e

ra
nd
om
ge
ne
ra
ti
on
of
re
si
du
al
pr
oc
es
se
s,
an
d
ha
s
st
ud
ie
d
th
e
te
st
b
eh
av
io
r

in
va
ri
ou
s
si
tu
at
io
ns
.

4.
E
xa
m
pl
es

W
e
sh
al
l
us
e
he
re
th
e
fo
llo
w
in
g
co
nfi
gu
ra
ti
on
of
in
pu
t
va
ri
ab
le
s
an
d
pa
ra
m
e-

te
rs
:I
n
th
e
L
R
M
(1
),
le
t
us
se
t
th
e
nu
m
b
er
of
da
ta

N
=

10
0
,t
he
co
va
ri
at
es

X
i

di
st
ri
bu
te
d
ra
nd
om
ly
un
if
or
m
ly
in
(0
,2
),
re
gr
es
si
on
pa
ra
m
et
er

β
=

−
1,
in
te
r-

ce
pt

α
=

2
,r
es
id
ua
ls
ε i
fo
llo
w
in
g
th
e
no
rm
al
di
st
ri
bu
ti
on
w
it
h
µ
=

0
,
σ
=

0
.1
.

F
ur
th
er
,
le
t
th
e
ce
ns
or
in
g
va
lu
es
b
e
se
le
ct
ed
un
if
or
m
ly
in
th
e
in
te
rv
al

(0
,3
),

th
e
ra
te
of
ce
ns
or
in
g
is
th
en
ab
ou
t
30
%
.

20

In
fo

rm
ač

ní
bu

lle
tin

Č
es

ké
st

at
ist

ic
ké

sp
ol

eč
no

st
i,

3/
20

23

P
Ř
E
H
L
E
D
V
Y
B
R
A
N
Ý
C
H
M
E
T
O
D
Ř
E
ŠE
N
Í
Ú
L
O
H
Y

L
IN
E
Á
R
N
Í
R
E
G
R
E
SE
S
C
E
N
Z
O
R
O
V
A
N
Ý
M
I
D
A
T
Y

A
N
O
V
E
R
V
IE
W
O
F
M
E
T
H
O
D
S
O
F
L
IN
E
A
R
R
E
G
R
E
SS
IO
N

A
N
A
LY
SI
S
W
IT
H
C
E
N
SO
R
E
D
D
A
T
A

P
et
r
V
ol
f

A
dr
es
a
:
F
ac
ul
ty
of
Sc
ie
nc
es
,H
um
an
it
ie
s
an
d
E
du
ca
ti
on
,T
ec
hn
ic
al
U
ni
ve
rs
it
y

of
L
ib
er
ec
,
C
ze
ch
R
ep
ub
lic

E
-m
ai
l:
p
e
t
r
.
v
o
l
f
@
t
u
l
.
c
z

A
bs
tr
ak
t:
P
o
ús
p
ěš
né
m
ro
zš
íř
en
ía
p
ou
ží
vá
ní
C
ox
ov
a
re
gr
es
ní
ho
m
od
el
u
v
70
.

le
te
ch
(a
ně
kd
y
až
je
ho
na
du
ží
vá
ní
b
ez
oh
le
du
na
sp
ln
ěn
íp
ře
dp
ok
la
du
pr
op
or
-

ci
on
al
it
y
ri
zi
k)
se
p
oc
ho
pi
te
ln
ě
zv
ýš
ila
sn
ah
a
na
jí
t
vh
od
né
m
et
od
y
ta
ké
pr
o

an
al
ýz
u
lin
eá
rn
íh
o
re
gr
es
ní
ho
m
od
el
u
s
ce
nz
or
ov
an
ým
i
da
ty
.
T
en
to
př
ís
p
ěv
ek

př
ib
liž
uj
e
tř
i
zá
kl
ad
ní
“h
is
to
ri
ck
é”
m
et
od
y
(a
ut
or
ů
M
ill
er
,
19
76
;
B
uc
kl
ey
an
d

Ja
m
es
,
19
79
;
K
ou
l
et
al
.,
19
81
)
a
vz
áj
em
ně
je
p
or
ov
ná
vá
(n
a
je
dn
od
uc
hé
m

př
ík
la
du
s
ná
ho
dn
ě
ge
ne
ro
va
ný
m
id
at
y)
.V
ýs
le
dk
y
js
ou
p
or
ov
ná
ny
is
ře
še
ní
m

p
om
oc
í
m
ax
im
a
vě
ro
ho
dn
os
ti
př
i
př
ed
p
ok
la
du
no
rm
ál
ně
ro
zd
ěl
en
ýc
h
od
ch
y-

le
k,
i
s
ob
ec
ně
jš
ím
se
m
i-
pa
ra
m
et
ri
ck
ým
m
od
el
em
se
zr
yc
hl
en
ým
ča
se
m
(A
F
T

m
od
el
).

K
líč
ov
á
sl
ov
a:
L
in
eá
rn
í
re
gr
es
ní
m
od
el
,
m
et
od
a
ne
jm
en
ší
ch
čt
ve
rc
ů,
ce
nz
or
o-

va
ná
da
ta
,
A
F
T
m
od
el
,
C
ox
ův
m
od
el
.

A
bs
tr
ac
t:
A
s
a
re
ac
ti
on
to
re
su
lt
s
of
D
.R
.
C
ox
an
d
ot
he
rs
in
’7
0s
pr
op
os
in
g

re
gr
es
si
on
m
od
el
s
ab
le
to
w
or
k
w
it
h
ce
ns
or
ed
da
ta
,
a
nu
m
b
er
of
st
at
is
ti
ci
an
s

(e
.g
.
M
ill
er
,
19
76
;
B
uc
kl
ey
an
d
Ja
m
es
,
19
79
;
K
ou
l
et
al
.,
19
81
)
ha
ve
tr
ie
d
to

ex
te
nd
th
e
m
et
ho
d
of
th
e
le
as
t-
sq
ua
re
s
in
th
e
sa
m
e
se
ns
e,
i.e
.
to
ad
ap
t
it
to

ce
ns
or
in
g.
T
he
pr
es
en
t
co
nt
ri
bu
ti
on
co
nt
ai
ns
an
ov
er
vi
ew
of
th
es
e
ap
pr
oa
ch
es
,

co
m
pa
re
s
th
em
w
it
h
di
re
ct
nu
m
er
ic
al
so
lu
ti
on
of
co
rr
es
p
on
di
ng
m
ax
im
al
lik
e-

lih
oo
d
ta
sk
an
d
re
ca
lls
al
so
th
e
A
F
T
(A
cc
el
er
at
ed
F
ai
lu
re
T
im
e)
m
od
el
as

a
se
m
i-
pa
ra
m
et
ri
c
ge
ne
ra
liz
at
io
n
of
th
e
lin
ea
r
re
gr
es
si
on
m
od
el
.
P
er
fo
rm
an
ce

of
m
et
ho
ds
w
ill
b
e
sh
ow
n
on
si
m
pl
e
nu
m
er
ic
al
ex
am
pl
es
.

K
ey
w
or
ds
:L
in
ea
r
re
gr
es
si
on
m
od
el
,
m
et
ho
d
of
le
as
t
sq
ua
re
s,
ce
ns
or
in
g,
A
F
T

m
od
el
,
C
ox
m
od
el
.

1.
In
tr
od
uc
ti
on

T
he
st
an
da
rd
lin
ea
r
re
gr
es
si
on
m
od
el
fo
r
N
pa
ir
s
of
va
ri
ab
le
s
(X

i,
Y
i)
,
i
=

1,
..
.,
N
ha
s
th
e
fo
rm

Y
i
=

α
+

β
·X

i
+

ε i
,

i
=

1
,.
..
,N

,
(1
)
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G
um
b
el(doubly-exp

onential,obtained
by
the
logarithm

ization
ofthe

W
eibull

distribution),
norm

al,
logistic,

exp-gam
m
a,
and
other

sim
ilar
distributions.

T
hus,

dep
ending

on
assum

ed
distribution

of
errors

ε
i ,
a
direct

m
axim

iza-
tion

of
the
log-likelihood

function
corresp

onding
to
this

distribution,
w
ith

the
aid
of
a
convenient

optim
ization

procedure,
could

b
e
a
good

choice.
L
et

us
recall

that
the
“relevant”

log-likelihood
in
the
right-censored

data
case

has
the
form

(provided
the
censoring

is
“noninform

ative”,
only

then
the
part

concerning
the
distribution

of
variables

C
m
ay
b
e
om
itted):

L
=

N
∑i=

1 [δ
i ·ln

(f
i (Y

∗i
,θ))

+
(1

−
δ
i )·ln

(1
−

F
i (Y

∗i
,θ))],

(9)

w
here

f
i F

i
now

denote
the
density

and
distribution

function
of
variables

Y
i ,

hence
they

dep
end
on
covariates,

θ
here

denotes
the
m
odel

param
eters.

T
he

M
L
E
,
via
solving

equation
d
L
/d

θ
=

0,
can
som
etim
es
b
e
found

quite
easily

(in
severalsteps

ofthe
N
ew
ton-R

aphson
algorithm

);this
is,am

ong
others,the

instance
ofthe

G
um
b
el(log-W

eibull)
distribution,w

hile
the
case

w
ith
norm

al
distribution

has
to
b
e
solved

w
ith
the
aid
of
a
m
ore
clever

iterative
search

procedure
including

rep
eated

evaluation
of
norm

al
distribution

function.

3.1.
Sem
i-param

etric
A
F
T
regression

m
odel

L
et
us
recall

here
also

a
general

version
of
this

m
odel.

F
or
m
ore
inform

a-
tion

see
e.g.
B
agdonavičius

and
N
ikulin

(2002).
,T
he
accelerated

failure
tim
e

m
odel

is
often

considered
as
an
alternative

to
the
p
opular

prop
ortional

haz-
ard
m
odel

of
C
ox,
w
hen
the
prop

ortionality
of
hazards

does
not
hold.

T
he

m
odel

assum
es
that

the
individual

sp
eed
of
tim
e
is
changed

by
a
factor

de-
p
ending

on
covariates.

Standardly
this

factor
has
the
form

exp
(β

x
),
w
here

x
is
a
covariate,

m
ostly

constant
in
tim
e.
It
follow

s
that

the
distribution

of
tim
e
to
failure

T
i
of
an
ob
ject

w
ith
covariate

value
x
has
the
distribution

function
F
(t)

=
F
0 (t·exp

(β
x
)),
w
here

F
0
characterizes

a
baseline

distri-
bution

(of
a
random

variable
T
0
w
ith
covariate

x
=

0).
It
also

m
eans

that
T
0
i
=

T
i ·exp

(β
x
i )
is
an
i.i.d.

representation
of

T
0 .
T
he
logarithm

ic
transfor-

m
ation

of
the
m
odel

then
leads

to
the
linear

regression
m
odel

as
show

n
in

(8).
N
otice

also
changed

sign
of
param

eter
β
in
b
oth
m
odels.

H
ence,

the
statistical

inference
in
the
A
F
T
m
odel

setting
has
to
deal

w
ith

unknow
n
baseline

distribution
of

T
0 ,
the
analysis

is
often

com
plicated

by
the

presence
of
censored

data.
A
s
w
e
have

seen,
the
estim

ation
in
a
linear

m
odel

w
ith
censoring

is
not
quite

easy
task

(esp
ecially

w
hen

the
distribution

of
errors

is
not
know

n).
T
herefore,

sim
ilarly

like
in
the
case

of
C
ox
m
odel,

the19

V
ědecké

a
odborné

články

w
ith

ε
i
assum

ed
to
b
e
the
i.i.d.variables

w
ith
zero

m
ean.T

he
prim

ary
typ
e
of

censorship
considered

here
w
ill
b
e
the
random

censoring
from

the
right

side.
It
m
eans

that
there

exist
random

variables
C

i ,say,indep
endent

m
utually

and
of

Y
i ,
and
instead

Y
i
the
values

of
Y

∗i
=

m
in
(Y

i ,C
i )
are
observed.

A
s
a
rule,

it
is
know

n
w
hether

an
observation

is
censored

or
not,

w
hich

is
denoted

w
ith

an
indicator

δ
i
=

1
if
Y
i ≤

C
i ,

δ
i
=

0
if
Y
i
>

C
i .

A
fter
the
introduction

of
the
C
ox
m
odel

(C
ox,
1972),

the
eff
ort
of
statis-

ticians
has
concentrated

also
to
the
solution

of
linear

regression
problem

w
ith

censoring.
In
the
present

overview
w
e
shall

recall
several

m
ost
im
p
ortant

and
m
ore
or
less
successful

approaches
provided

in
M
iller

(1976),
B
uckley

and
Jam
es
(1979),

and
K
oul
et
al.
(1981).

It
is
also

interesting
to
follow

these
m
ethods

developm
ent
from

the
p
oint

of
view

of
their

assum
ptions

and
of

their
real
p
erform

ance.
L
et
us
sum
m
arize

first
certain

com
m
on
assum

ptions:

1.
R
esiduals

ε
i
are
assum

ed
to
b
e
i.i.d.w

ith
zero

m
ean
and
finite

variance.

2.
C
ensoring

variables
C

i
are
indep

endent
m
utually

and
of

ε
i .

3.
In
general,

C
i
can
dep
end
on
covariates

X
i ,
how
ever

som
e
approaches

do
not
allow

it,
nam
ely
that

of
K
oul
et
al.
T
here

the
i.i.d.

C
i -s
are

required.

4.
W
hen
the
estim

ation
is
based

on
the
m
axim

um
likelihood

principle,
it

has
to
b
e
assum

ed
that

variables
C

i
do
not
contain

any
inform

ation
on

m
odel

param
eters

(this
is
called

“non-inform
ative”

censoring,
see
also

the
assum

ptions
for
estim

ation
in
the
C
ox
regression

m
odel);

only
then

w
e
can
om
it
the
likelihood

part
containing

distribution
of

C
i .

T
his
contribution

recapitulates
the
ab
ove
m
entioned

approaches
first.

T
hen
the
approach

based
on
the
M
L
E
is
presented

(based
on
assum

ed
typ
e

of
the
distribution

of
residuals).

F
urther,

the
relationship

of
the
linear

m
odel

w
ith
the
A
ccelerated

F
ailure

T
im
e
(A
F
T
)
regression

m
odel

is
show

n.
T
he

p
erform

ance
of
all
m
ethods

is
illustrated

and
com
pared

w
ith
the
aid
of
an

exam
ple.
F
inally,

also
the
C
ox
regression

m
odel

is
recalled,

in
order

to
show

a
connection

of
its
param

etrized
version

(w
ith
W
eibull

baseline
distribution)

w
ith
the
linear

regression
problem

2.
O
verview

of
m
ethods

A
ll
three

traditional
m
ethods

describ
ed
b
ellow

have
one
com
m
on
feature,

they
all
use
the
K
aplan-M

eier
“P
roduct

L
im
it
E
stim
ate”

(P
L
E
),
though

in
slightly

diff
erent

w
ays.

A
s
the
P
L
E
is
a
nonparam

etric
estim

ator
of
distri-

bution
function

(from
censored

data),
its
use
m
ay
lead

to
a
low
er
precision

14



V
ěd

ec
ké

a
od

bo
rn

é
čl

án
ky

w
he
re

G
(.
)
de
no
te
s
th
e
su
rv
iv
al
fu
nc
ti
on
of
th
e
ce
ns
or
in
g
va
ri
ab
le

C
,
w
hi
ch
,

if
un
kn
ow
n,
is
su
bs
ti
tu
te
d
by
it
s
K
ap
la
n-
M
ei
er
P
L
es
ti
m
at
or
.
A
co
ns
eq
ue
nc
e

of
su
ch
a
tr
an
sf
or
m
at
io
n
is
th
at
th
e
re
gr
es
si
on
of

Y
K
on

X
is
st
ro
ng
ly
he
t-

er
os
ce
da
st
ic
;
no
ti
ce
th
at
al
l
ce
ns
or
ed
va
lu
es
ar
e
no
w
se
t
to
ze
ro
,
w
hi
le
un
-

ce
ns
or
ed
va
lu
es
ar
e
in
cr
ea
se
d,
so
m
et
im
es
ra
th
er
co
ns
id
er
ab
ly
.
N
ev
er
th
el
es
s,

it
st
ill
ho
ld
s
th
at

E
(Y

K
|X

=
x
)
=

E
(Y

|X
=

x
).
It
co
ul
d
ag
ai
n
b
e
pr
ov
ed

ea
si
ly
:

In
th
e
m
od
el
(1
)
de
no
te

F
()
th
e
di
st
ri
bu
ti
on
fu
nc
ti
on
of
er
ro
rs

ε.
T
he
n

E
(δ

·Y
∗ )

=

∫ ∞ −
∞

tG
(t
)
dF

(t
−
α
−

β
x
),
he
nc
e

E

( δ·
Y

∗

G
(Y

∗ )

) =

∫ ∞ −
∞

t
dF

(t
−
α
−

β
x
)
=

α
+

β
x
.

H
ow
ev
er
,a
s
th
e
es
ti
m
at
io
n
m
et
ho
d
is
ba
se
d
on
th
e
le
as
t
sq
ua
re
s
(u
si
ng
re
co
n-

st
ru
ct
ed
da
ta
),
in
fa
ct
it
s
w
ei
gh
te
d
va
ri
an
t
sh
ou
ld
b
e
us
ed
.
E
ve
n
th
e
au
th
or
s

ha
ve
p
oi
nt
ed
ou
t
th
at
th
e
va
ri
ab
ili
ty
of
sy
nt
he
ti
c
da
ta
ar
ou
nd
th
e
re
sp
on
se

cu
rv
e
is
ne
it
he
r
co
ns
ta
nt
no
r
sy
m
m
et
ri
c
an
d
m
ay
ex
pa
nd
,
th
er
ef
or
e
th
e
es
-

ti
m
at
io
n
of
re
sp
on
se
cu
rv
e
m
ay
no
t
b
e
re
lia
bl
e.
F
ig
ur
e
3
of
E
xa
m
pl
es
sh
ow
s

a
re
su
lt
of
su
ch
a
“d
at
a
re
co
ns
tr
uc
ti
on
”.

3.
A
ge
ne
ra
l
fo
rm
ul
at
io
n
of
lik
el
ih
oo
d
w
it
h
ce
ns
or
ed
da
ta

A
ll
ap
pr
oa
ch
es
de
sc
ri
b
ed
ab
ov
e
ut
ili
ze
th
e
m
et
ho
d
of
le
as
t
sq
ua
re
s.
T
hi
s

m
et
ho
d
co
rr
es
p
on
ds
in
fa
ct
to
th
e
m
ax
im
um
lik
el
ih
oo
d
es
ti
m
at
io
n
un
de
r
th
e

as
su
m
pt
io
n
of
no
rm
al
ly
di
st
ri
bu
te
d
er
ro
rs
.
T
he
re
fo
re
,
th
e
so
lu
ti
on
ba
se
d
on

no
rm
al
di
st
ri
bu
ti
on
of
er
ro
rs
sh
ou
ld
b
e
eq
ui
va
le
nt
,m
or
eo
ve
r
it
av
oi
ds
th
e
us
e

of
th
e
no
n-
pa
ra
m
et
ri
c
P
L
E
.

O
n
th
e
ot
he
r
ha
nd
,
in
ge
ne
ra
l,
w
e
ne
ed
no
t
to
re
st
ri
ct
ou
rs
el
ve
s
ju
st
to

no
rm
al
m
od
el
,
th
er
e
ar
e,
es
p
ec
ia
lly
in
th
e
co
nt
ex
t
of
re
lia
bi
lit
y
da
ta
st
ud
ie
s,

ot
he
r
na
tu
ra
l
p
os
si
bi
lit
ie
s.
T
he
lin
ea
r
m
od
el
ca
n
ar
is
e
fr
om
th
e
lo
ga
ri
th
m
iz
a-

ti
on
of
ty
pi
ca
l“
re
lia
bi
lit
y”
m
od
el
s
fo
r
a
va
ri
ab
le
T
(c
ha
ra
ct
er
iz
in
g
fo
r
in
st
an
ce

th
e
ti
m
e
to
fa
ilu
re
)
de
sc
ri
b
ed
fo
r
in
st
an
ce
by
th
e
W
ei
bu
ll,
lo
g-
no
rm
al
,
lo
g-

lo
gi
st
ic
,
ga
m
m
a,
or
ot
he
r
si
m
ila
r
di
st
ri
bu
ti
on
s.
N
am
el
y,
le
t
ag
ai
n
a
va
ri
ab
le

Y
fu
lfi
l
th
e
lin
ea
r
re
gr
es
si
on
m
od
el
,
Y

=
β
·X

+
ε.
D
en
ot
e
T

=
ex

p(
Y
)
an
d

T
0
=

ex
p(
ε)
,
th
ei
r
di
st
ri
bu
ti
on
fu
nc
ti
on
s
by

F
T
,
F
0
,
re
sp
.
T
he
n

F
T
(t
)
=

P
(T

≤
t)

=
P
(e

xp
(β

·X
)
·T

0
≤

t)
=

F
0
(t
·e

xp
(−

β
·X

))
,

(8
)

w
hi
ch
co
rr
es
p
on
ds
to
th
e
pa
ra
m
et
ri
c
fo
rm
of
th
e
A
F
T
m
od
el
.A
nd
vi
ce
ve
rs
a,

na
tu
ra
lc
ho
ic
es
fo
r
di
st
ri
bu
ti
on
of

ε
in
th
e
lin
ea
r
re
gr
es
si
on
m
od
el
ar
e
th
en
th
e
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In
fo

rm
ač

ní
bu

lle
tin

Č
es

ké
st

at
ist

ic
ké

sp
ol

eč
no

st
i,

3/
20

23

of
es
ti
m
at
io
n
(i
n
co
m
pa
ri
so
n
to
th
e
ca
se
w
it
ho
ut
ce
ns
or
in
g)
.
Si
m
ul
ta
ne
ou
sl
y,

th
e
an
al
ys
is
of
as
ym
pt
ot
ic
pr
op
er
ti
es
of
es
ti
m
at
es
is
th
en
m
or
e
di
ffi
cu
lt
,
co
n-

fid
en
ce
in
te
rv
al
s
fo
r
pa
ra
m
et
er
s
ca
n
b
e
ob
ta
in
ed
,
as
a
ru
le
,
ju
st
w
it
h
th
e
ai
d

of
b
oo
ts
tr
ap
.

L
et
us
re
ca
ll
he
re
br
ie
fly
se
ve
ra
l
ba
si
c
no
ti
on
s
fr
om
th
e
ar
ea
of
st
at
is
ti
ca
l

su
rv
iv
al
an
al
ys
is
:
C
on
si
de
r
a
p
os
it
iv
e
co
nt
in
uo
us
-t
yp
e
ra
nd
om
va
ri
ab
le

Z
,

w
it
h
de
ns
it
y
f
an
d
di
st
ri
bu
ti
on
fu
nc
ti
on

F
.
F

=
1
−

F
is
th
en
ca
lle
d
th
e

su
rv
iv
al
fu
nc
ti
on
,
th
e
ha
za
rd
ra
te
is
de
fin
ed
as

h
(z
)
=

−
d

ln
(F

(z
))
/d

z
=

f
(z
)/
F
(z
),
th
e
cu
m
ul
at
iv
e
ha
za
rd
ra
te
(C
H
R
)
th
en
eq
ua
ls
H
(z
)
=
∫ z 0

h
(t
)d
t
=

−
ln
(F

(z
))
.

T
he
fo
rm
of
th
e
K
ap
la
n-
M
ei
er
P
L
E
of
di
st
ri
bu
ti
on
fu
nc
ti
on

F
ca
n
b
e

fo
un
d
el
se
w
he
re
(f
or
in
st
an
ce
in
th
e
m
os
t
of
re
fe
re
nc
es
ci
te
d
he
re
):
L
et

Z
∗ i
b
e

or
de
re
d
sa
m
pl
e
of
ra
nd
om
ly
ri
gh
t-
ce
ns
or
ed
re
al
iz
at
io
ns
of

Z
,
i.e
.
Z

∗ 1
≤

Z
∗ 2
≤

..
.
≤

Z
∗ N
,
δ i
co
rr
es
p
on
di
ng
ce
ns
or
in
g
in
di
ca
to
rs
,
th
en
th
e
P
L
E
eq
ua
ls

F
K

M
(z
)
=

1
−
∏

Z
∗ i
≤
z

( N
−
i

N
−

i
+
1

) δ i .

L
et
us
m
en
ti
on
he
re
al
so
on
e
pr
ac
ti
ca
l
de
ta
il
of
th
e
P
L
E
co
ns
tr
uc
ti
on
:
th
e

m
ax
im
al
va
lu
e
of
da
ta
(h
er
e
Z

∗ N
)
is
al
w
ay
s
ta
ke
n
as
no
n-
ce
ns
or
ed
.

2.
1.
M
ill
er
’s
es
ti
m
at
or

T
he
w
ay
of
co
ns
tr
uc
ti
on
of
th
e
M
ill
er
’s
es
ti
m
at
or
(M
ill
er
,
19
76
)
se
em
s
to

b
e
ra
th
er
re
as
on
ab
le
,
th
ou
gh
th
er
e
al
so
is
a
co
m
m
on
pr
ob
le
m
w
it
h
pr
ov
in
g

es
ti
m
at
or
pr
op
er
ti
es
(i
ts
co
ns
is
te
nc
y
an
d
as
ym
pt
ot
ic
no
rm
al
it
y)
.
In
pa
rt
ic
u-

la
r,
M
ill
er
ha
s
ju
st
sh
ow
n
hi
s
es
ti
m
at
or
b
ei
ng
co
ns
is
te
nt
w
he
n
th
e
ce
ns
or
in
g

va
ri
ab
le
fu
lfi
ls
th
e
re
gr
es
si
on
w
it
h
th
e
sa
m
e
sl
op
e,
i.e
.
C

∼
α
c
+

β
·X
.

T
he
us
ua
ll
ea
st
sq
ua
re
s
es
ti
m
at
es

a
,b
of

α
,β
of
m
od
el
(1
)
ar
e
th
os
e
va
lu
es

w
hi
ch
m
in
im
iz
e
th
e
su
m
of
sq
ua
re
s
∑ N i=

1
ε i
(a
,b
)2

=
∑ N i=

1
(Y

i
−

a
−

bX
i)

2
.

T
hi
s
is
eq
ui
va
le
nt
to
m
in
im
iz
in
g
∑ ε i

(a
,b
)2

·∆
F̂
(ε

i(
a
,b
))
,
w
he
re

F̂
is
th
e

em
pi
ri
ca
l
di
st
ri
bu
ti
on
fu
nc
ti
on
(E
D
F
)
of
re
si
du
al
s
ε i
(a
,b
)
=

Y
i
−
a
−
bX

i
fo
r

fix
ed

a
,b
,
∆
F̂
ar
e
th
e
in
cr
em
en
ts
of

F̂
.
R
es
id
ua
ls

ε i
(a
,b
)
ar
e
av
ai
la
bl
e
ju
st

pa
rt
ia
lly
,
w
it
h
th
e
sa
m
e
ce
ns
or
in
g
pa
tt
er
n
as

Y
∗ i
,
i.e
.
fo
r
gi
ve
n
a
,b
w
e
ca
n

co
m
pu
te

ε∗ i
(a
,b
)
=

Y
∗ i
−

a
−

bX
i
an
d
th
e
ce
ns
or
in
g
in
di
ca
to
rs
ar
e
th
e
sa
m
e

δ i
.
T
he
re
fo
re
,
a
na
tu
ra
l
st
ep
is
to
us
e
th
e
P
L
E
of
di
st
ri
bu
ti
on
fu
nc
ti
on
of

re
si
du
al
s
ge
ne
ra
liz
in
g
it
s
st
an
da
rd
E
D
F
to
th
e
ce
ns
or
in
g
ca
se
.
N
am
el
y,
th
e

ta
sk
is
to
m
in
im
iz
e,
ov
er

a
,b
,

∑ ε∗ i
(a
,b
)2

·∆
F

K
M
(ε

∗ i
(a
,b
))
,

(2
)
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= ∫
C

−
∞

y
·d

F
y (y

)
+ ∫

∞C

y
·d

F
y (y

)
=

E
Y
,

indep
endently

of
C
,
hence

E
(Y

w
)
=

E
(Y

)
as
w
ell.
H
ere

F
y
denotes

the
distribution

function
of

Y
for
given

fixed
X

=
x
.

T
he
procedure

of
estim

ation
starts

from
an
initial

estim
ate
of

a
(1

),
b
(1

),
obtained

for
instance

by
the
least

squares
m
ethod

from
values

(Y
∗i
,X

i ),
and

com
putes

corresp
onding

residual
values

ε ∗i ,
w
hich

again
represent

censored
values

of
ε
i (a

(1
),b

(1
)),
w
ith
preserved

indicators
δ
i .
T
he
nonparam

etric
es-

tim
ator

of
their

distribution,
F

K
M
,
is
again

obtained
via
the
K
aplan-M

eier
P
L
E
.
F
rom

it
w
e
can
“reconstruct”

censored
residuals,

ε
(1

)
i

=
E
(ε

i |ε
>

ε ∗i )
= ∑

ε
∗j
>
ε
∗i
∆
F

K
M
(ε ∗j )·

ε ∗j

1
−

F
K

M
(ε ∗i )

,
(5)

H
ence,

censored
outputs

are
then

reconstructed
as
w
ell,
nam
ely

Y
(1

)
i

=
Y
i ·δ

i
+
(a

(1
)
+

b
(1

)·X
i
+

ε
(1

)
i

)(1
−
δ
i ).

(6)

T
hen
new

estim
ates,

a
(2

),b
(2

)
are
com
puted

via
the
least

squares
from

inno-
vated

outputs
Y

(1
)

i
.
Q
uite
sim
ilarly,

Y
2i
=

Y
i ·

δ
i
+
(a

(2
)
+

b
(2

)·
X

i
+

ε
(2

)
i

)(1
−

δ
i ),

w
here

ε
(2

)
i

=
Y
i −

a
(2

)−
b
(2

)·
X

i .
T
his
procedure

could
b
e
rep
eated

several
tim
es
till
convergence.

L
ater

on,
Jam
es
and
Sm
ith
(1984)

have
established

the
conditions

and
argum

ents
for
the
consistency

of
the
B
J
estim

ator.
H
ow
ever,

the
problem

lies
in
the
practical

com
putation,

in
its
iterative

schem
e.
T
he
convergence

is
not

guaranteed,
it
is
know

n
that

the
iterations

m
ay
end
in
oscillation

b
etw
een

tw
o
or
m
ore
set
of
values

(see
for
instance

Jin
et
al.,
2006).

2.3.
K
oul,
Susarla,

and
V
an
R
yzin

W
hile
the
B
uckley–Jam

es
estim

ator
uses

(rep
eatedly)

reconstructed
censored

values,
the
estim

ator
of
K
oul
et
al.
(1981)

reconstructs
all
values,

creates
“synthetic

data”.T
his
does

not
seem

to
b
e
an
idealconcept,as

it
changes

the
basic

features
of
the
data.

N
am
ely,
they

prop
ose,
instead

of
original

censored
data,

to
use

Y
K

=
δ
·Y

∗

G
(Y

∗)
,

(7)
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V
ědecké

a
odborné

články

w
here

F
K

M
is
now

the
P
L
E
of
the
distribution

of
residuals

ε(a
,b)
for
given

a
,b
(the

increm
ents

∆
F

K
M
are
0
at
censored

values).
T
here

is
no
problem

to
find
optim

al
solution

num
erically,

w
ith
the
aid
of

a
convenient

search
m
ethod.

F
urther,

notice
that

for
fixed

b
the
m
inim
um

w
ith
resp
ect
to

a
can
b
e
com
puted

directly
w
ithout

any
iteration,

a
just

shifts
the
P
L
E
.
Sim
ilarly

like
in
the
standard

case,
the
m
inim
izing

a
equals

the
average

of
Y

∗i
−

bX
i
w
.r.
to
the
P
L
E
,
nam
ely

â
b
= ∑

ε ∗i (0,b)
2·

∆
F

K
M
(ε ∗i (0,b)),

(3)

w
ith

ε ∗i (0
,b)

=
Y

∗i
−

bX
i .
In
such

a
w
ay
the
search

can
b
e
divided

into
tw
o

iterated
steps,

each
solving

just
an
one-dim

ensional
problem

.

U
nlike

M
iller’s,

the
follow

ing
tw
o
m
ethods

are
based

on
attem

pts
to
re-

construct
censored

data
first,

then
these

reconstructed
values

are
used

in
the

ordinary
least

squares.

2.2.
B
uckley

and
Jam
es

T
his
m
ethod

ofanalysis
in
the
linear

regression
m
odelw

ith
right-censoring,in

fact
the
m
ost
p
opular

one,
has
b
een
prop

osed
by
B
uckley

and
Jam
es
(1979).

It
consists

in
a
version

of
the
E
M
(E
xp
ectation-M

axim
ization)

algorithm
.

N
am
ely,
the
E
step

reconstructs
censored

values
via
conditional

exp
ectation,

the
M
step

then
recom

putes
the
m
odel

param
eters

from
these

values,
using

the
least

squares
m
ethod.

L
et
the
m
odelhave

again
the
form

(1).A
gain,no

sp
ecific

param
etric

form
is
assum

ed
for
the
distribution

of
the
error

term
s
ε
i .
T
hey
are
just
assum

ed
to
b
e
i.i.d.

B
uckley

and
Jam
es
have

prop
osed

to
use
w
eighted

observations

Y
wi
=

Y
i ·δ

i
+
E
(Y

i |Y
i
>

C
i )·(1

−
δ
i ).

(4)

It
is
seen

that
uncensored

values
are
preserved,

w
hile

censored
are
“cor-

rected”,
increased.

It
is
easy

to
show

that
for
each

x
E
(Y

w|X
=

x
)
=

E
(Y

|X
=

x
):

F
or
each

fixed
x
(let
us
om
it
it
for
the
m
om
ent)

and
for
each

fixed
C
w
e

have
that

E
(Y

w|C
)
=

E
(Y

·δ|C
)
+

E
[E

(Y
|Y

>
C
)·(1

−
δ)|C

]
=

= ∫
C

−
∞

y
·d

F
y (y

)

F
y (C

)
·P

(δ
=

1|C
)
+ ∫

∞C

y
·d

F
y (y

)

1
−

F
y (C

)
·P

(δ
=

0|C
)
=
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