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RECENZE KNIHY: PERMUTATION PUZZLES –
A MATHEMATICAL PERSPECTIVE
BOOK REVIEW: PERMUTATION PUZZLES –
A MATHEMATICAL PERSPECTIVE

Pavel Stříž
E-mail : pavel@striz.cz

Jamie Mulholland: Permutation Puzzles. A Mathematical Perspective, 1. vy-
dání, vlastním nákladem, 2021, 337 stran. Vedle titulní strany je zmíněno 12
parit Rubikovy kostky, str. 251, a 12 rotačních symetrií jehlanu, str. 271.

Permutation Puzzles
A Mathematical Perspective

Jamie Mulholland

20.3 When are two assembled cubes equivalent? 251

(a) X(1,0,0): solved (b) X(−1,0,0): edge swap (c) X(1,0,1): edge flip

(d) X(−1,0,1): edge swap
& edge flip

(e) X(1,1,0): counter-
clockwise corner twist

(f) X(−1,1,0): ccw corner
twist & edge swap

(g) X(1,1,1): ccw corner
twist & edge flip

(h) X(−1,1,1): ccw cor-
ner twist & edge swap
& edge flip

(i) X(1,2,0): clockwise
corner twist

(j) X(−1,2,0): cw corner
twist & edge swap

(k) X(1,2,1): cw corner
twist & edge flip

(l) X(−1,2,1): cw corner
twist & edge swap &
edge flip

Figure 20.6: Representatives for the 12 different equivalence classes in RC∗3

Example 20.2 The following diagram shows a (possibly illegal) configuration of the last
layer of Rubik’s cube. We’d like to determine which of the configurations in Figure 20.6 it is
equivalent to. To do this it suffices to determine the position vector.

22.2 Permutations Acting on Sets: Application of the Orbit-Stabilizer Theorem 271

(a) ε (b) (1 4)(2 3) (c) (1 3)(2 4)

(d) (1 2)(3 4) (e) (2 3 4) (f) (2 4 3)

(g) (1 4 3) (h) (1 3 4) (i) (1 2 4)

(j) (1 4 2) (k) (1 3 2) (l) (1 2 3)

Figure 22.5: All 12 rotational symmetries of a regular tetrahedron

22.2.4 Rotation Group of an Dodecahedron

Let GD be the group of all rotational symmetries of a regular dodecahedron.
We can view GD as a groups of permutations of the 20 vertices, that is as a subgroup of S20.

Observe that

orbGD(1) = {1,2,3, . . . ,20} ⇒ |orbGD(1)|= 20

and that

|stabGD(1)|= 3.

The elements of the stabilizer are the rotations about an axis through vertices 1 and 18.

Tuto knihu, shrnující poznatky z přednášek kurzuMath 302 – Mathematics of
Permutations Puzzles, http://www.sfu.ca/jtmulhol/math302/, jsem po-
tkal již v roce 2016 jako verzi předběžnou k této knize. Vůči knize jsem
změny nezaznamenal, jedná se hlavně o grafickou úpravu.
Kniha čtenáře, resp. studenty, uvádí do teorie grup. Výhodou je, že nevy-

užívá jen Rubikovu kostku, ale další čtyři hry: Swap, 15-Puzzle, Oval Track
Puzzle a Hungarian Rings (číslovanou a čtyřbarevnou verzi). S tím, že Ru-
bikova kostka těžké partie vždy završuje. Speciální skupinu tvoří v knize hra
Light’s Out, zmiňuje ukázku práce se SageMath při užití lineární algebry.
Pro připomenutí her přikládám jejich grafickou reprezentaci:80 Chapter 6. Permutations: Products of 2-Cycles

The dotted arrows indicate the two tiles that are about to be swapped.
The permutations corresponding to the moves are:

τ1 = (1 3), τ2 = (2 4), τ3 = (3 5), τ4 = (4 7), τ5 = (6 8), τ6 = (7 8)

and so the game-play corresponds to the composition: ατ1τ2τ3τ4τ5τ6 = ε . It follows that

α = τ
−1
6 τ

−1
5 τ

−1
4 τ

−1
3 τ

−1
2 τ

−1
1 (6.1)

= (7 8)(6 8)(4 7)(3 5)(2 4)(1 3) (6.2)

This is precisely what we wanted, α is written as a product of 2-cycles.

Exercise 6.1 Write the permutation β = (1 5 3 4 2) as a product of 2-cycles. Do this by using
β as the starting scramble of the Swap puzzle, then solving the puzzle and keeping track of your
moves as 2-cycles.

Answer on page 82 �

6.2 Product of 2-Cycles
There doesn’t seem to be anything special about the particular permutation α that we used in the
last example. Our strategy was to just move the numbers, one at a time, to their home positions,
and we chose to do this in increasing order, though we could have done it an any order we wanted.

This means we should be able to write any permutation as a product of 2-cycles. This is such
an important observation that will state it as a theorem (a complete proof is given below).

Theorem 6.2.1 — Product of 2-Cycles. Every permutation in Sn,n > 1, can be expressed as a
product of 2-cycles.

Playing with the Swap puzzle showed us intuitively why the theorem is true, it also gave us a
method for finding such a decomposition into 2-cycles. As quick as it was to find a decomposition,
we will require a much quicker method: a way to “eyeball" the decomposition. Having to draw
a Swap game each time we want to compute a decomposition into 2-cycles would be too time
consuming. So how can we do this even more quickly?

Well, consider a 5-cycle: β = (1 5 3 4 2). By direct computation we can check

(1 5 3 4 2) = (1 5)(1 3)(1 4)(1 2).

9. The 15-Puzzle

We have now developed enough theory to give a full analysis of the 15-puzzle. We will present a
solvability criteria which will allow us to easily see whether a given scrambling of the puzzle is
solvable. We will also sketch a strategy for solving the puzzle.

9.1 Solvability Criteria

Determining the solvability of a scrambling of the tiles on the 15-puzzle is a simple task as we will
see. Let’s first consider the case where a scrambling places the empty space back into its original
box (box 16). This means the corresponding permutation α fixes 16: α(16) = 16. We can think
of such a permutation as an element of S15. (Just think about the disjoint cycle form, 16 doesn’t
appear since it is mapped back to itself.)

Figure 9.1 shows three different configurations of the 15-puzzle corresponding to permutations
in S15. The permutations are written below each puzzle. We’d like to be able to quickly determine
which configurations are solvable.

(a) (b) (c)

Figure 9.1: Which of the positions are solvable?

76 Chapter 5. From Puzzles To Permutations

12. 15-Puzzle arrangements and moves in cycle notation. In each part (a) - (c) below, a
sequence of moves has been applied to a scrambling of the tiles in the 15-Puzzle. Do the
following:
(i) Express the starting position α as a permutation in cycle notation.
(ii) Express each move τi as a 2-cycle.
(iii) Express the whole move sequence as a permutation in cycle notation.
(iv) Express the final position β as a permutation in cycle notation and show that ατ1 · · ·τn =
β .
(a)

(b)

13. Oval Track Puzzle arrangements into cycle notation. Express, in cycle form, the permu-
tation describing each of the positions of the Oval Track puzzle drawn below.

(a) (b)

14. Oval Track Puzzle move sequence in cycle notation. Express the move sequence α given
in the diagram below as a permutation in cycle notation.

5.7 Exercises 77

15. For each of the following move sequences, which are applied to the solved-state Oval Track
puzzle, draw the resulting configuration of the disks on the puzzle.

(a) T 2

(b) R19

(c) R−1T R
(d) T R−1T R

16. Hungarian Rings arrangements into cycle notation. Express, in cycle form, the permuta-
tion describing each of the positions of the Hungarian Rings puzzle drawn below.

(a) (b)

17. Hungarian Rings move sequence in cycle notation. Express the move sequence α given
in the diagram below as a permutation in cycle notation.

18. For each of the following move sequences, which are applied to the solved-state Hungarian
Rings puzzle, draw the resulting configuration of the disks on the puzzle.

(a) R2

(b) RL
(c) L5R5L−5R−6LR6L5R−5L−5R−1L−1R (use SageMath to compute this)

19. Rubik’s cube arrangements into cycle notation. Express, in cycle form, the permutation
corresponding to the position of the Rubik’s cube where the cubies have been moved and
positioned as follows:
• the UR cubie is in the bu cubicle (recall this means the U face of the UR cubie is in the

B face of the bu cubicle)
• the UB cubie is in the lu cubicle
• the UL cubie is in the ur cubicle.

(Look back at Chapter 1 where the terms “cubie" and “cubicle" are discussed.)
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210 Chapter 16. The Hungarian Rings Puzzle

16.3 Solving the end-game
Theoretically, knowing how to perform 2-cycles is enough to solve the puzzle for any configuration.
However, this would be very slow to perform manually. We now summarize a strategy for solving
the puzzle.

(a) Starting with a scrambled puzzle put disks 7 through 16 on the left ring, and disks 21 through
30 on the right ring in proper numerical order.

(b) Still using general heuristics get a few more disks in their proper places if possible.
(c) Write down the remaining permutation in cycle form.
(d) Work on cycles that at length 5 or longer using conjugates of the fundamental 5-cycle

σ5 = (1 11 35 11 16). If the cycle length is more than 5, you will be able to get 4 disks at a
time into their right places. If the cycle is length 5 then you can solve all disks in the cycle
this way.

(e) At this point all remaining cycles will be of length 5 or less. Using conjugates of the
fundamental cycles: σ5, σ4, σ3, σ2 solve all disks in each cycle one cycle at a time.

16.4 Hungarian Rings - Coloured version
We now present a simple, and elegant strategy for solving the colour version of the puzzle shown in
Figure 16.10.

Figure 16.10: Hungarian Rings puzzle - coloured version.

There are 10 black disks and 10 red disks, but there are only 9 of each in blue and yellow. Solve
the black and red disks first. There is enough room in the puzzle to do this using general heuristics.
Once these are in their proper locations try to put as many blue and yellow disks in their home
locations using general heuristics. To place the final remaining pieces (blue and yellow) you can
swap two at a time, but if you’re sneaky about how you do this then you actually don’t need to use
a 2-cycle. By placing the same coloured disks in spots 1 and 6, and the disks you want to swap
in spots 11 and 30 (or 16 and 25), the commutators in Figure 16.3 can be used to swap pairs of
disks. Since the intersection disks have the same colour this will go unnoticed, and this process
will essentially allow you to swap any two blue and yellow disks. When using this method try to
put either red or black disks in the intersection spots 1 and 6.

16.5 Exercises
1. Play with one of the virtual puzzles from the course website. Try to solve each scrambling

using the techniques developed in this section.
2. Show that for any cycle α = (a1 a2 a3 a4 a5 . . . ak) of length k > 5, there is a 5-cycle β so

that αβ has length k−4. (This fact was used in the strategy for solving the end-game.)

242 Chapter 19. Rubik’s Cube: Beginnings

(a) (b) (c) (d)

3. Practice with Step 4: solving corners in final layer. In each part below, write down a
strategy to solve the puzzle.

(a) (b) (c)

4. Impossible Configurations. In each part below, a configuration of the last layer is shown.
Show that each configuration is impossible.
(Hint: Try showing the configuration is equivalent to one shown in Section 19.2.)

(a) (b) (c) (d)

5. Practice with Steps 4 and 5: solving corners and edges in final layer. In each part below,
a configuration of the last layer is shown. Write down a strategy to solve the puzzle.

(a) (b)

300 Chapter 24. Lights Out

The configuration matrix is B =


1 1 0 0 1
1 1 1 0 0
1 0 0 0 1
0 0 1 1 1
1 0 0 1 1

 which we can express as a vector

b = (1,1,0,0,1, 1,1,1,0,0, 1,0,0,0,1, 0,0,1,1,1, 1,0,0,1,1).

(Spaces are inserted after each group of 5 entries in b so it is easier to read. ) Now we have
SageMath solve Ax = b.

In [5]: #current game configuration (i.e. buttons that are lit)
b=vector(GF(2),[1,1,0,0,1, 1,1,1,0,0, 1,0,0,0,1, 0,0,1,1,1, 1,0,0,1,1]);

#solving the game
x=lights_out (5). solve_right(b);

#now put the solution x in a nice matrix form so we can see
#what buttons to press
button_press_matrix = matrix(GF(2),5,5,x.list ()) #convert x to matrix
button_press_matrix

Out[5]: [0 0 1 0 0]
[1 0 1 1 1]
[0 1 0 1 0]
[1 1 1 0 1]
[0 0 1 0 0]

Therefore, to solve the puzzle we just need to press the 12 buttons shown in the diagram
below.

�

Rather than have to type out the previous lines of code every time we want to solve a configura-
tion we could build a solve function as follows:
Lights-Out Solve function: (basic version)

In [6]: # Definition of the solution function for Lights Out
# input = integer n (where lights out board is nxn), and b the
# configuration vector
# output = a matrix X indicating which buttons to press for solution
def lights_out_solver(n,b):

x=lights_out(n). solve_right(b);
button_press_matrix = matrix(GF(2),n,n,x.list ())
return button_press_matrix

For our previous example we could just type:

In [7]: b=vector(GF(2),[1,1,0,0,1, 1,1,1,0,0, 1,0,0,0,1, 0,0,1,1,1, 1,0,0,1,1]);
lights_out_solver (5,b)

Kniha od kapitoly 13. Komutátory, str. 161, doporučuje užívat pomůcky,
hry ve fyzické či alespoň virtuální podobě. Kombinace vedoucí k přesunu jen
určitých částí Rubikovy kostky je asi opravdu dobré si zkusit v rukách.
Další výhodou knihy je, že představuje SageMath (http://www.sagemath.

org/) napsaný v Pythonu a dílčí partie jsou v knize řešeny.
Každá kapitola obsahuje řadu úloh a cvičení. Většinou bez řešení. For-

málně je kniha rozdělena na šest částí a přílohy: základy (kap. 1 a 2), per-
mutace (kap. 3–9), teorie grup (kap. 10–18), Rubikova kostka (kap. 19–21),
symetrie a počty rozdílných typů (kap. 22 a 23) a Light’s Out.
Vedle Seznamu literatury a Rejstříku kniha v přílohách obsahuje Úvod

do výpočetního prostředí SageMath a Základní vlastnosti celých čísel.
Potěšila mě kapitola o komutátorech, tedy hledání postupů, jak vyřešit

Rubikovu kostku. To hodně připomíná hráčské metody řešení kostky.
Poněvadž jsem si úlohy k Rubikově kostce programoval (ranking-unrank-

ing problem), potěšila mě analýza, proč je při náhodném rozebrání a složení
Rubikovy kostky řešitelná jen každá dvanáctá, v úvodu recenze prostřední
obrázek s typy parit. V kapitolách 22 a 23 (The Orbit-Stabilizer a Burn-
side’s Theorem) mě potěšilo znázornění všech 12 rotačních symetrií u jehlanu
(v úvodu obrázek vpravo).
Mezi zdroji, pravděpodobně i inspirace ke knize, najdeme J.O.Kiltinen:

Oval Track and Other Permutation Puzzles: And Just Enough Group Theory
to Solve Them. New York: The Mathematical Association of America, 2003,
142 pp. ISBN 0-8838-5725-1.
Za typografii se jedná o čistou práci, není co vytknout: vysázené v TEXu,

odkazy klikatelné, obrázky nakresleny ve vektorové formě v barvě, podobně
jako zdrojové kódy pro SageMath. Nevyzkoušel jsem všechny, ale ty, které
jsem vyzkoušel, bez problémů jely. Užita verze SageMath 9.0 z 1. 1. 2020,
v pozadí běžící Python verze 3.8.10.
Autor knihu podpořil svými webovými stránkami, http://www.sfu.ca/

∼jtmulhol/permutationpuzzles, a doporučuje k nahlédnutí i J. Scherphuis:
Jaap’s Puzzle Page, viz http://www.jaapsch.net/puzzles/, kde si lze řadu
her, nejen ty zmíněné v knize, virtuálně zahrát.
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