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RECENZE KNIHY: OPT ART

BOOK REVIEW: OPT ART

Pavel Stříž
E-mail : pavel@striz.cz

V roce 2019 vyšla v nakladatelství Princeton University Press v USA kniha
Roberta Bosche: Opt Art – From Mathematical Optimization to Visual De-
sign, xii+188 stran. ISBN 978-0-691-16406-9.

Kdybychom měli knihu shrnout do jedné věty, tak je to ukázka matema-
tické optimalizace s výstupy do světa vizualizace a umění. Tedy místo Op-art
(optické umění) přechází do Opt-art (optimalizační umění).
První dvě kapitoly uvádí do problematiky příkladem flexibilních Tru-

chetových dlaždic. Stupeň šedi rastrových obrázků pasuje na vhodnou dla-
ždici. Optický klam pak odvede svou práci: zblízka člověk vnímá jednotlivé
dlaždice, z větší dálší člověk vnímá původní obrázek. V druhé kapitole knihy
pak zkouší některé další flexibilní dlaždice.

TRUCHET TILES 13
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Figure 2.7: Flexing the type 𝑐 tile.

slightly brighter, and it turns out that AREA(white)=0.375. When

𝑡=0.5, the tile is in its unflexed position and has AREA(white)=0.5.

When 𝑡=0.75, the tile is even brighter, and as was mentioned earlier,

AREA(white)=0.625. Finally, when 𝑡=1, the tile is as bright as we

allow, with AREA(white) = 0.75.

For each such diagram we can create an ordered pair (𝑥, 𝑦) by setting

𝑥 equal to the value of 𝑡 and 𝑦 equal to the corresponding AREA(white).

If we plot 𝑦 versus 𝑥 (we won’t do it here, but you can do it yourself,

or you can treat it as a thought experiment), we find that the points

lie on the line that has equation 𝑦=0.5𝑥+0.25. So the relationship

between AREA(white) and 𝑡, the location of the tile’s midpoint, can be

expressed as

AREA(white) = 0.25+ 0.5𝑡.

This equation is extremely useful. It tells us that for any block with a

midrange brightness value—any block (𝑖, 𝑗) whose 𝛽
𝑖,𝑗

value lies in the

interval [0.25, 0.75]—there is a flexible Truchet tile that is perfect for that

block in terms of brightness. In fact, we can find this optimal 𝑡 value—the

best possible 𝑡 value for the 𝛽
𝑖,𝑗

value—by solving the following equation

for 𝑡:

0.25+ 0.5𝑡= 𝛽
𝑖,𝑗

.

This equation simply states what we’ve already said, but in a slightly

different way. We know what the left-hand side is: it is just another

way of writing AREA(white). So the equation is saying that we want

AREA(white) to equal 𝛽
𝑖,𝑗

. But now recall our tile brightness equation.

The brightness of a tile equals the area of its white region. So we can

interpret the equation as saying that the brightness of our flexible Truchet

tile must equal 𝛽
𝑖,𝑗

, the brightness of the block.
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Zprávy a informace

Pro méně znalé uvádí problematiku lineárního programování (principy,
Simplexův algoritmus, Branch-and-Bound) v třetí kapitole. Na pomoc
si bere program Gurobi, https://www.gurobi.com. Zaujalo mě, že si bez
větších problémů nechává vypsat více/všechna řešení, to není u lineárního
programování úplně obvyklé. Všiml jsem si, že v názvech proměnných pou-
žívá čárku, to si nevybavuji, že by jiný program uměl. Tedy doslova, např.
místo neznámé XA,j , j = 1, . . . , 5, používá XA,1 až XA,5.
V kapitole čtvrté zmiňuje přiřazovací úlohu, tedy úvod do binárního

lineárního programování. Pixely rastrových obrázků nahrazuje různými ob-
rázky či dílky. Ať už se jedná o kreslené obrázky, cifry, nebo domino kostky.
Experimenty s nimi pak provází celá pátá kapitola. Kde je to potřeba,

přidává celé sady domino kostek. Zmiňuje, že obrázky Martina Luthera Kinga
Jr. či prezidenta Baracka Obamy jsou dětmi složeny a vystaveny po celých
Spojených státech. Autor na svých webových stránkách má rozkresy.DOMINO MOSAICS 81
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Figure 5.12: The Statue of Liberty and Martin Luther King Jr., each done in 12 complete

sets of double-nine dominos.

knowledge, have constructed the 44-set domino portrait of Barack

Obama shown in figure 5.13. One group was made up of all K-5 stu-

dents at Franklin Elementary School in Westfield, MA. This team was

led by Julian Fleron, professor of mathematics at Westfield State Uni-

versity. The other group was made up of children who were receiving

treatment for HIV at the Detroit Children’s Hospital.
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3 4 2 2 3 2 3 3 2 3 3 2 6 4 1 1 1 0 0 1 2 1 9 8 3 9 7 7 5 6 5 4 3
3 6 6 7 6 1 1 0 3 3 2 1 4 6 7 6 4 6 7 6 7 8 3 9 4 6 8 4 7 6 7 3 3
6 5 5 6 1 2 3 0 0 0 1 3 2 6 5 2 5 4 5 6 7 7 6 4 8 6 7 3 2 7 7 5 3
6 6 5 3 0 4 3 1 0 1 2 2 3 5 0 2 0 0 0 1 0 0 1 3 9 6 6 2 3 2 3 5 2
6 6 6 7 8 7 1 1 0 2 1 0 4 1 1 0 0 0 2 2 0 0 0 1 8 7 7 2 3 5 4 5 2
5 6 4 7 5 9 0 4 0 2 1 2 1 3 3 6 8 3 0 0 1 5 6 3 7 7 3 3 3 5 5 2 3
5 5 7 6 8 8 2 4 0 1 2 2 0 4 3 5 9 9 9 8 9 8 8 7 3 6 3 3 2 6 4 4 3
5 5 5 6 6 7 8 0 3 1 0 0 0 3 2 0 0 7 8 7 8 5 4 8 4 4 3 4 2 7 4 5 3
5 5 7 5 8 6 8 1 1 0 0 2 1 3 0 1 1 0 0 0 0 1 7 7 5 4 3 2 2 7 4 5 2
6 5 7 5 8 7 8 3 0 0 1 2 2 1 2 0 1 0 2 0 0 4 5 6 3 3 3 2 4 4 5 5 5
5 5 7 5 8 6 6 6 0 1 2 1 0 2 1 2 0 4 1 6 9 8 8 8 3 5 1 1 4 2 0 0 0
5 4 7 6 5 7 8 9 0 0 2 2 0 0 1 3 4 6 6 4 8 6 7 8 2 2 3 4 1 0 4 0 0
6 5 7 7 8 9 9 7 3 2 2 2 1 2 1 1 1 1 5 4 5 6 7 4 3 0 5 3 0 1 2 3 4
4 5 7 8 8 3 0 0 0 2 1 2 1 0 1 1 1 1 1 1 1 2 1 0 1 3 2 1 0 0 2 0 3
6 7 6 0 0 0 0 2 0 3 1 1 0 2 0 0 0 2 1 1 3 2 1 0 4 0 1 2 0 0 2 1 1
1 1 0 2 2 1 0 2 0 7 1 1 1 1 0 1 1 0 1 1 1 0 1 7 6 0 1 2 2 1 2 0 0
0 0 0 0 0 0 2 0 0 7 9 4 1 0 0 0 0 3 1 0 3 6 9 9 0 1 0 1 2 2 2 2 2

Figure 5.12: The Statue of Liberty and Martin Luther King Jr., each done in 12 complete

sets of double-nine dominos.

knowledge, have constructed the 44-set domino portrait of Barack

Obama shown in figure 5.13. One group was made up of all K-5 stu-

dents at Franklin Elementary School in Westfield, MA. This team was

led by Julian Fleron, professor of mathematics at Westfield State Uni-

versity. The other group was made up of children who were receiving

treatment for HIV at the Detroit Children’s Hospital.

Kapitola šestá potěší příznivce TSP, tedy problém obchodního ces-
tujícího. Z trasy vzniká původní obrázek. Uvádí metodu Branch-and-Cut
a heuristiku Lin-Kerninghama, vedle lineárního programování v Gurobi si
bere na pomoc program Concorde, https://www.math.uwaterloo.ca/tsp/
concorde.html. Našince potěší, že tento nyní již legendární program spolu-
vytváří Vašek Chvátal (https://www.math.uwaterloo.ca/tsp/concorde/
contact/team.htm), absolvent pražské MFF. Za pozornost stojí metoda stip-
pling (algoritmus MacQueena), tedy převod obrázku do série bodů. Seriózní
badatele by měla zaujmout soutěž The Mona Lisa TSP Challenge, tedy snaha
najít globální optimum TSP pro 100 tisíc bodů. Zatím vede Yuichi Nagata
se svou optimalizací z roku 2009.

Figure 6.20: Four optimal tours (opt-emojis).

Figure 6.21: Hands, Version One (an optimal tour).
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Figure 6.29: An optimal tour for each point set.

Figure 6.30: Connecting the Dots.

dots with their eyes, leading them to discover that the completed piece

is a large number of dots joined together to form a simple closed

curve.

I have found that if I keep the number of points small (under two or

three thousand), then I can count on the Concorde TSP Solver to find an

optimal tour in what I consider to be an entirely reasonable amount of

time: typically less than a day on my laptop computer, and often much

more quickly than that.

The three pieces shown in figure 6.31, each one formed from an

optimal tour of 642 = 4096 points, are the largest TSPs I’ve solved to

optimality (thanks to Concorde once again!). Collectively they form one

of the most computationally intensive puns ever made! Mathematicians

refer to tours as Hamiltonian cycles in honor of the great Irish mathe-

matician William Rowan Hamilton. In the triptych of Hamiltonian cycle

portraits shown above, we have William Rowan Hamilton himself on the

4
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Autor v kapitole sedmé dále zkoumá možnosti optimalizace TSP, kon-
krétně užití více tras a práci se symetriemi. Inspiraci našel v díle Rinuse Ro-
elofse. On se totiž cyklus dá vymalovat barvou. Kapitola obsahuje nespočet
obrázků, včetně ukázek laserového a vodního řezání. Vznikají tedy unikátní
projekty ze dřeva a kovů. Typografy potěší zmínka konstrukce Beziérovy
křivky jako metoda vyhlazování dvou či více bodů.
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Figure 7.18: Square Knot.

Figure 7.19: Smoothing two segments of the tour with a cubic Bezier curve.

open-mouthed-head motif appears in both gray and white and in various

rotations and reflections.

In figure 7.18, the point set has horizontal mirror symmetry, but the

tour does not.

Smoothing the Tour

If we’d prefer a smooth curve to the usual piecewise linear tour, which

may be too crinkly for some target images, we can follow a process famil-

iar to many graphic designers. In the left part of figure 7.19, we see two

adjacent segments of a tour. In the first step of our smoothing process,

we find the midpoint of each tour segment. In the second step, we find

the midpoint of each subsegment. In the final step, we use the two tour-

segment midpoints and two of the subsegment midpoints as the control
points (marked in black in the right-hand part of figure 7.19) for a cubic
Bezier curve. The Bezier curve is guaranteed to connect the two tour-

segment midpoints, to be tangent to the two tour segments, and to lie

within the convex quadrilateral (drawn in light gray) formed by the four

control points.

Kapitola osmá je lahůdka. Autor si bere do parády cestu šachového
koníka na šachovnici 8 × 8, a i když ví, že neexistuje rotační či zrcadlová
symetrie takové cesty, hledá cestu, která se ideální symetrické nejvíc blíží.
Pracuje se slovíčkem nearly, např. nearly 4-fold symmetry, volně přeloženo
jako téměř rotačně symetrické. Vedle obrázků potkáme fotky 3D tisků.KNIGHT’S TOURS 127

Figure 8.1: A chessboard (top left), with vertices (top right), with both vertices and edges

(bottom left), and with a knight’s tour of the board (bottom right).

8× 8 knight’s tour possesses this symmetry. That is, no 8× 8 knight’s

tour is unchanged when rotated by 90◦. No 8× 8 knight’s tour looks the

same when viewed from all four sides of the board.

The two knight’s tours shown in figure 8.2 are twofold tours, but they

are not fourfold tours. They have twofold rotational symmetry, but

they do not have fourfold rotational symmetry. They look the same from

opposite sides of the board, but they do not look precisely the same from

all four sides. But given that they are quite close to having fourfold rota-

tional symmetry—as close as possible, it turns out—we can call them

nearly fourfold tours.

If we remove from these nearly fourfold tours all nonsymmetric

edges—all edges that are missing one or more of their rotated

128 CHAPTER 8

Figure 8.2: Two nearly fourfold knight’s tours.

Figure 8.3: Nearly fourfold tours with nonsymmetric edges removed.

counterparts—we obtain tour fragments that do have fourfold symmetry,

as shown in figure 8.3. In each case, 60 of the original 64 edges remain.

All 60 of these fully symmetric edges have all of their rotated counterpart

edges present in the tour, the largest number possible.

To find a nearly fourfold tour, we introduce additional binary vari-

ables. In addition to what we did for the TSP—having a binary edge-

usage variable 𝑥
𝑒

that equals 1 if we select the knight’s-move edge 𝑒 to

be in the tour and 0 if we don’t—we include a binary symmetry-detection

variable 𝑟
𝑒

that equals 1 if edge 𝑒 is fully symmetric in the tour (that is,

is accompanied by all of its rotated counterpart edges).

Figure 8.4: Two more nearly fourfold knight’s tours.

Figure 8.5: A 3D-printed nearly fourfold knight’s tour.

Figure 8.6: A second 3D-printed nearly fourfold knight’s tour.

V kapitole deváté se vrací k mozaice, tentokrát na konstrukci bludišť.
Za stavební prvky si bere možnosti dílku bludiště (jak vypadá trasa a stěny)
a bludiště si nechává vygenerovat za nejrůznějších omezení.
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Labyrinth Tiles

A second approach requires thinking of a labyrinth as being composed of

copies of the eight different labyrinth tiles shown on the right-hand side

of figure 9.4. Tiles𝐴 through𝐷 are the bendy ones (that have turns), and

tiles 𝐸, 𝐹 , 𝑇 , and 𝑀 are the straight ones. In any unicursal labyrinth,

tile 𝑇 and tile𝑀 will appear just once, as they mark the starting position

of Theseus and the location of the Minotaur, respectively. We are mak-

ing two assumptions: first, that King Minos requires the path to begin

by heading straight toward the center of the labyrinth, and second, that

he wants the entrance to the Minotaur’s lair to be oriented in the same

direction as the entrance.

Designing a labyrinth, then, requires determining which tiles we place

in the various square cells. To model this, we once again use binary

variables, setting 𝑥
𝑡,𝑖,𝑗

equal to 1 if we place a copy of tile 𝑡 in the row-

𝑖–column-𝑗 square. If we follow Theseus into the labyrinth displayed on

the left-hand side of figure 9.4, we see that 𝑥
𝑇 ,9,5 = 1, 𝑥

𝐹 ,8,5 = 1, and

𝑥
𝐵,7,5 = 1.

With these binary tile-placement variables, we can compute the total

number of bends via the linear equation

bends=
∑

𝑖

∑

𝑗

(
𝑥
𝐴,𝑖,𝑗

+ 𝑥
𝐵,𝑖,𝑗

+ 𝑥
𝐶,𝑖,𝑗

+ 𝑥
𝐷,𝑖,𝑗

)
,

and we can use this expression as our objective function if we want to

maximize or minimize the total number of 90◦ turns that Theseus will

take on his journey to the Minotaur.
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Figure 9.4: A grid superimposed on a 9× 9 labyrinth, revealing it to be composed of

copies of the eight different labyrinth tiles. 5



Zprávy a informace

V tomto experimentu pokračuje i v kapitole deváté, tentokrát však
transformuje stavební prvky mozaik. Aby barvy netvořily velké shluky, na-
stavuje omezení na oblast. Došlo i na mozaiku inspirovanou Escherem, včetně
méně známé mozaiky Cyrila Stanleyho Smitha, která měla tvořit alternativu
Truchetově mozaice. Gurobi už nepočítá vteřiny, jako v úvodu knihy, ale ho-
diny a dny. Kdo by si přál komerční program Gurobi vyzkoušet, zkuste si jej
přes NEOS server, https://neos-server.org.146 CHAPTER 10

Figure 10.1: Frankenstein’s monster as a cartoon mosaic in which each of the 10 cartoons

(or shades of gray) appears the same number of times.
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Figure 10.2: A properly colored map.

To ensure that the variable assignments will yield a properly colored

map, we impose two types of constraints. The region constraints are akin

to the block constraints we used in our model for the cartoon-mosaic

design problem. For each region 𝑟, we impose a linear equation

∑

𝑐

𝑥
𝑐,𝑟

=1

to force ourselves to choose just one color 𝑐 for region 𝑟.

Figure 10.7: Four hex-grid map-colored mosaics of Frankenstein’s monster.

Figure 10.8: An Escher-inspired map-colored mosaic of Frankenstein’s monster.
Figure 10.9: A map-colored mosaic based on Vermeer’s Girl with a Pearl Earring.

V poslední kapitole jedenácté zkouší vizualizaci přes Game of Life
Johna Hortona Conwaye. Ať už nalezením symetrických dílků či zajímavý
pokus optimalizovat dva snímky tohoto celulárního automatu.
Knize nelze nic vytknout. Jedinečný projekt s mnoha inspirativními ná-

pady podpořena řadou obrázků a fotek. Knihu může číst člověk neznalý ma-
tematiky, ale i matematik, neb závěrečné kapitoly knihy jsou výzvou. Jako
příznivec volně dostupných programů bych místo Gurobi uvítal Scip či Sym-
phony, ale jak by řekli počítačoví hackeři: Musíme si umět poradit.
Myslím si, že pokud ze svých kolekcí vytáhneme domino kostky a zač-

neme experimentovat, tak kniha splnila svůj účel. Za pozornost stojí před-
náška autora knihy na Talks at Google, https://www.youtube.com/watch?
v=g3CiVrN-BnY. Knihu podporují autorovy webové stránky, dominoartwork
.com, a několik animací na https://www.youtube.com/user/baabbaash.
V sekci Downloads najdeme RLE soubory (Game of Life Patterns), spus-
titelné například přes program Golly, https://golly.sourceforge.io.
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